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Define a topology on a set and a basis for a topology. Find a basis
for each of the standard and discrete topologies on the set of real
numbers. Show that the topology generated by a basis equals the
collection of all unions of elements of basis.

Attempt any two of the following.

Define subspace topology. Let Y be a subspace of X. Prove that a
set is closed in the subspace Y if and only if it equals the
intersection of a closed set of X with Y.

Define closure and limit points of a set. Let A be a subset of the
topological space X, A’ be the set of all limit points of Aand A be
the closure of A, then show that A = AU A".

Define continuous function and homeomorphism between two
topological spaces. Construct an example of a continuous function
that is not a homeomorphism.

Define a connected space. If the sets C and D form a separation
of X, then show that a connected space Y of X lies entirely within
C or D. Further, show that the union of a collection of connected
spaces that have a point in common is connected.

Attempt any two of the following.

Show that a continuous image of a connected space is connected.
Define a path-connected space. Prove that every path connected
space is connected. Is the converse true? '

Define first countable and second countable spaces. Show that
every second countable space is first countable. Give an example
to show that a first-countable space need not be second-countable.

What is finite intersection property? Let X be a topological space.
Prove that X is compact if and only if for every collection of closed
sets C in X having the finite intersection property, the intersection
Ncec ¢ of all the elements of C is nonempty.
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(b) Attempt any two of the following. (10)
(i) Define a compact space. Let R be the set of real numbers with
standard topology. Prove that R is not compact.
(i) Prove that a bijective continuous map from a compact space to a
" Hausdorff space is a homeomorphism.
(iii) Prove that closed subspace of a compact space is compact.

Q4 (a) Assume one-point sets are closed. Define a regular space. Prove (10)
that, "
e A regular space is Hausdorff. Give an example of a space
that is Hausdorff but not regular.
e [s the set of real numbers with lower limit topology a
regular space? Justify your answer.
(b) Attempt any two of the following. (10)
() Show that every compact Hausdorff space is normal.
(i) State Urysohn Lemma. Give a direct proof of Urysohn’s lemma
- for the metric spaces.
(iii) Define a metrizable space. Show that a metrizable space is normal.




