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[Time 3:00Hrs]                                                                                            [ Marks: 80]    

 

Please Check whether you have got the right question paper 

 

N.B 1. All questions are compulsory 

2. Figures to the right indicate full marks. 

3. Scientific calculator can be used. 

 

Q-1 a)  If a group G is the internal direct product of subgroups 𝐻1, ⋯ 𝐻𝑛 

 then prove that 𝐺 = 𝐻1 ⊕ 𝐻2  … ⨁𝐻𝑛    
10 

 b) Attempt any Two of the following: 10 

 i) Prove that 𝐴𝑛 is a normal subgroup of 𝑆𝑛. Prove that 𝑂(𝐴𝑛) =
1

2
 𝑂(𝑆𝑛). 5 

 ii) List down 4 non-isomorphic abelian groups of order 360. 5 

 iii) Let 𝜙: 𝜇(30) →  𝜇(30)be a group homomorphism and  

ker( 𝜙) = {1̅, 11̅̅̅̅  } . If 𝜙(7) = 7,  then find all elements of 𝜇(30) that are 

mapped to 7̅. 

5 

    

Q-2 a) Let G be a group acting on a set S. Then, the relation ∽ on S defined by 

for 𝑎, 𝑏 ∈ 𝑆, 𝑎 ∽ 𝑏 𝑖𝑓𝑓 𝑎 = 𝑔𝑏 for some 𝑔 ∈ 𝐺 is an equivalence 

relation. Prove that for each 𝑎 ∈ 𝑆   , the number of elements in the 

equivalence containing a is [𝐺: 𝐺𝑎], the index of the stabilizer of a. 

10 

 b) Attempt any Two of the following: 10 

 i) Prove that  for a prime ′𝑝′, a group of order 𝑝2 is abelian. 5 

 ii) Show that a Sylow -p- subgroup of a group which is normal is unique. 5 

 iii) Let |𝐺| = ℤ𝑝 where p is an odd prime. Then prove that 𝐺 ≈ ℤ{2𝑝} or  

𝐺 = 𝐷𝑝                                                                                                                      

5 

    

Q-3 a) Prove that in a ring every Maximal ideal is prime ideal. 10 

 b) Attempt any Two of the following: 10 

 i) Let R=Z[i] and 𝐼 =< 2 − 𝑖 > . Find the number of elements in 
𝑅

𝐼
. 

  

5 

 ii) Let R be commutative ring of prime characteristic 𝑃. Define 𝜙: 𝑅 → 𝑅 

as 𝜙(𝑥) = 𝑥𝑝 . Show that 𝜙   is ring homomorphism. 

5 

 iii) Prove that every field contains 𝑍𝑝 or 𝑄. 5 

    

Q-4 a) Prove that in a Principal ideal domain every irreducible is a prime. 10 

 b) Attempt any Two of the following: 10 

 i) Let R Principal ideal domain. Then for any 𝑎, 𝑏 ∈ 𝑅 , greatest common 

divisor of a and b exists. 

5 

 ii) Prove that the product of two primitive polynomials is primitive. 5 

 iii) Prove that ℤ[𝑥]  is not a PID. 5 
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