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1.0 OBJECTIVE

e Understand continuous and discrete time signals.
e Understand continuous and discrete time systems.

e Classify the signals and Systems
1.1 INTRODUCTION

Signals are represented mathematically as functions of one or more independent variables. Here
we focus attention on signals involving a single independent variable. For convenience, this

will generally refer to the independent variable as time.
There are two types of signals: continuous-time signals and discrete-time signals.

Continuous-time signal: The variable of time is continuous. A speech signal as a function of

time is a continuous-time signal.
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Figure 1.1: Graphical representation of Continuous-time signal

Discrete-time signal: the variable of time is discrete. The weekly Dow Jones stock market

index is an example of discrete-time signal.
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Figure 1.2 : Graphical representation of Discrete-time signals



To distinguish between continuous-time and discrete-time signals we use symbol t to denote
the continuous variable and n to denote the discrete-time variable. And for continuous-time
signals we will enclose the independent variable in parentheses (), for discrete-time signals we

will enclose the independent variable in bracket [-].

A discrete-time signal x [n]Jmay represent a phenomenon for which the independent variable is
inherently discrete. A discrete-time signal x [n]may represent successive samples of an
underlying phenomenon for which the independent variable is continuous. For example, the
processing of speech on a digital computer requires the use of a discrete time sequence
representing the values of the continuous-time speech signal at discrete points of time.

1.2 Energy Signal and Power Signal

If v (t) and i(t)are respectively the voltage and current across a resistor with resistance R,

then the instantaneous power is

p(t) = V(1) i(t) == V2 (1)
The total energy expended over the time interval ist; < t <t

[ p(0de = [ 2 (1) dt

tl R

and the average power over this time interval is

1
t2 -t1

(2 pde =2 22 (1) dt

t2-t17tl R

For any continuous-time signal x (t)( or any discrete-time signal x [n], the total energy over the

time interval t; < t <t in a continuous-time signal x (t) is defined as

t2
Jir 1x(©)]dt
where [x| denotes the magnitude of the (possibly complex) number x .

The time-averaged power is

— [ x(®)] 2 dt

t2 -t1

Similarly the total energy in a discrete-time signal x [n] over the time interval N1 < n<ny is

defined as

nilx[n]l



The average power is

1
mamnrrr ntlx[n]l®

In many systems, we will be interested in examining the power and energy in signals over an
infinite time interval, that is, for -co < t < +wor.-0< n< 4w

The total energy in continuous time is then defined

E .= Lim (T>00) [ x(0)| 2dt = [ |x(6)dt,

And in discrete time,
E »=Lim (N>00) XNy [x[n]|* = X% |x[n]|?

For some signals, the integral in continuous Equation or sum in discrete might not converge,
that is, if x (t) or x [n] equals a nonzero constant value for all time. Such signals have infinite
energy, while signals with E < oo have finite energy.

The time-averaged power over an infinite interval
P..= Lim (T->e0) — [* [x(£)] 2t

P..= Lim (N>e0) —— Y%|x[n]|>
Three types of signals:

Type 1: signals with finite total energy, E .. < o and zero average power,

P.-Lim (T0) == =0

Type 2: with finite average power P...
IfPoo> 0 ,then Eoo:OO .
An example is the signal x [n] =4,

it has infinite energy, but has an average power of P, =16.

Type 3: signals for which neither Poo and Eco are finite. An example of this signal is x(t )=t.
1.3 Transformations of the independent variable

In many situations, it is important to consider signals related by a modification of the
independent variable. These modifications will usually lead to reflection, scaling, and shift.

1.3.1 Examples of Transformations of the Independent Variable
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Figure.1.3 Discrete-time signals related by a time shift.
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Fig. 1.4 Continuous-time signals related by a time shift.
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Fig. 1.5 (a) A discrete-time signal x [n]; (b) its reflection, x [-n] aboutn =0
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Fig. 1.6 (a) A continuous-time signal x( t) ; (b) its reflection, x (-t)aboutt=10.
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Fig. 1.7 Continuous-time signals related by time scaling.

1.4 Periodic Signals

A periodic continuous-time signal x (t) has the property that there is a positive value of T for
whichx (t) =x (t+T) forallt

From Equation , we can deduce that if x (t) is periodic with period T,
then x (t) = x (t + mT) for all t and for all integers m .

Thus, x( t) is also periodic with period 2T, 3T, .... The fundamental period TO of x( t) is the
smallest positive value of T

x(t)

Fig. 1.8 Continuous-time periodic signal.
A discrete-time signal x [n] is periodic with period N ,
where N is an integer, if it is unchanged by a time shift of N,
X[ n] = x [n + N] for all values of n.

If Equation holds, then x [n] is also periodic with period 2N, 3N, .... The fundamental period
No is the smallest positive value of N for which Equation holds.



Fig. 1.9 Discrete-time periodic signal.

1.5 Even and Odd Signals

In addition to their use in representing physical phenomena such as the time shift in a radar
signal and the reversal of an audio tape, transformations of the independent variable are
extremely useful in examining some of the important properties that signal may possess.

Signal with these properties can be even or odd signal, periodic signal:

An important fact is that any signal can be decomposed into a sum of two signals, one of which
is even and one of which is odd.
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Fig. 1.10 An even continuous-time signal; (b) an odd continuous-time signal.

EI’{:{{!,‘I}=%[I{I}+I{—!,‘I]

which is referred to as the even part of x( t) .

Similarly, the odd part of x (t) is given by

OD{x(t)} = %[_ﬂ:;—x{—n]

Exactly analogous definitions hold in the discrete-time case.
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Fig.1.11 The even-odd decomposition of a discrete-time signal

1.6 Exponential and sinusoidal signals
1.6.1 Continuous-time complex exponential and sinusoidal signals

The continuous-time complex exponential signal
X(t)= Ce™

Where C and a are in general complex numbers.

Real exponential signals
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Fig. 1.12 The continuous-time complex exponential signal at x(t)= Ce*

,(@a>0;(b)a<0.



Periodic complex exponential and sinusoidal signals

If a is purely imaginary,
we have x(t)= e

An important property of this signal is that it is periodic. We know x (t) is periodic with period
Tif
ejLuOt — ejluO(t +T) = ejuJOt eijT

For periodicity, we must have
ejuJOT =1

For wO # 0, the fundamental period To is

21
To=

" Jwo|

Thus, the signals &% and e-"% have the same fundamental period.

A signal closely related to the periodic complex exponential is the sinusoidal signal
X (t) = A cos(wO t + ©)

With seconds as the unit of t, the units of © and w0 are radians and radians per second. It is
also known w0=2JIfo, where fo has the unit of circles per second or Hz.

The sinusoidal signal is also a periodic signal with a fundamental period of TO .

Fig. 1.13 Continuous-time sinusoidal signal.

Using Euler’s relation, a complex exponential can be expressed in terms of sinusoidal signals
with the same fundamental period:

e"%= cos woOt + j sin wot

Similarly, a sinusoidal signal can also be expressed in terms of periodic complex exponentials
with the same fundamental period:



4 w0 A e i
A Cl)S{mllr+¢}=EEJ¢€Ju.- +?E" 8 s

A sinusoid can also be expresses as

Acos(w,t +¢)= ARe {e"“‘""‘“ :

And

Asin(@,+$) = ATmfg /e

Periodic signals, such as the sinusoidal signals provide important examples of signal with
infinite total energy, but finite average power. For example:

et = ["1dr =T,

|I.|
E."-‘“'Jr.l:f = _[I

I (5 o
N

dt = ; Idt =1

Since there are an infinite number of periods as t ranges from - « to + oo, the total energy
integrated over all time is infinite. The average power is finite since

—11m—I | jet |m_|

= 1?—

General complex Exponential signals
Consider a complex exponential at Ce®, where C=|C| e *° is expressed in polar and
a =r+j w0 is expressed in rectangular form.

Then
Ce® = |(__'|E,._J'ﬂ€1r+_-"ﬂ'-"u'|'f = |(‘_‘|E,rr€rimﬁrf+ﬂ] - |C|E'” Cl)Sfm,:]! + E} + j|(_||f" ¥ sin{m[]f +8).

Thus, for r = 0, the real and imaginary parts of a complex exponential are sinusoidal.
For r > 0, sinusoidal signals multiplied by a growing exponential.
For r <0, sinusoidal signals multiplied by a decaying exponential.

Damped signal — Sinusoidal signals multiplied by decaying exponentials are commonly
referred to as damped signal.
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Fig. 1.14 (a) Growing sinusoidal signal; (b) decaying sinusoidal signal.

1.6.2 Discrete-time complex exponential and sinusoidal signals

A discrete complex exponential or sequence is defined by

x[n]= Co"

where C and aare in general complex numbers. This can be alternatively expressed

x [n]= C ef

where o =¢P

Real Exponential Signals

If C and a are real, we have the real exponential signals
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Fig. 1.15 Real Exponential Signal x [n]= Ca"

:(@)a>1;(b)0<o<1(c)-1<0a<0;(d)a<-1



1.6.3 Sinusoidal Signals
X[n]= e i®tn
e 1o = cosmon + j sin wo N

Similarly, a sinusoidal signal can also be expresses in terms of periodic complex exponentials
with the same fundamental period:

A cos (mon +¢) :g glogjoln +§ g i¢ g j@0n
A sinusoid can also be expresses as
A cos (won +¢ )= A Re{ g i@0n+o
And A sin (won +¢ )= A Im{ e i@ n+9)}

The above signals are examples of discrete signals with infinite total energy, but finite average
power. For example: every sample of x[ n] = e @ 0™ contributes 1 to the signal’s energy.
Thus the total energy - o < n < +o0 is infinite, while the average power is equal to 1.

x[n] = cos 2wnM2 )
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Fig.1.16 Discrete-time sinusoidal signal.



1.7. The discrete-Time Unit Impulse and Unit Step Sequences

Discrete-time unit impulse is defined as

0 n=l

8[n]=+ " ,
[n] {I, n=>0

8 [n]

Fig. 1.17 Discrete-time unit impulse.

Discrete-time unit step is defined as

[0, n<0
“[”I:jl, n=0"
uln]
T
B n

0

Fig. 1.18 Discrete-time unit step sequence.

The discrete-time impulse unit is the first difference of the discrete-time step
d|n|=uln]—uln-1]

The discrete-time unit step is the running sum of the unit sample:
unl= Zé[m]

It can be seen that for n <0, the running sum is zero, and for n >0 , the running sum is 1.

If we change the variable of summation from m to k = n - m we have,



uln]= Eﬁ[n—kl.

The unit impulse sequence can be used to sample the value of a signal at n = 0. Since it is
nonzero only for n = 0, it follows that

xnld[n] = A 0])5[n] .
More generally, a unit impulse
x{n)d[n—n,]=x[n,10[n-n,]

This sampling property is very important in signal analysis.

1.8 The Continuous-Time Unit Step and Unit Impulse Functions

Continuous-time unit step is defined as

0, r=0
u(t)= .
1, t=0

u(r)

0

Fig. 1.19 Continuous-time unit step function

The continuous-time unit step is the running integral of the unit impulse

uit) :f dit)dr.

The continuous-time unit impulse can also be considered as the first derivative of the
continuous time unit step,

(1) = dult) _
dt




Since u (t) is discontinuous at t = 0 and consequently is formally not differentiable. This can
be interpreted, however, by considering an approximation to the unit step u a(t) , as illustrated
in the figure below, which rises from the value of O to the value 1 in a short time interval of
length A.

u,(t) 5. (1)

B | =

0 a 0 a
(a) (b)

Fig. 1.20 (a) Continuous approximation to the unit step ua (t) ; (b) Derivative of ua (t) .

The derivative is

5,(6) = du, (1)
' dt
: D<= A
S (t)=A" - )
0, otherwise

Note that It is a short pulse, of duration A and with unit area for any value of A. As A -> 0,
becomes narrower and higher, maintaining its unit area. At the limit,

a(t)=lma, (1),
A—sl

u(t) =lmu, (1),

Ay

And

(1) = dult) _
drt

Graphically, it is represented by an arrow pointing to infinity at t = 0, “1” next to the arrow
represents the area of the impulse.
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Fig. 1.21 Continuous-time unit impulse

1.9 Sampling property of the continuous-time unit impulse:
x()8(6) = x(0)(1) .

Or more generally,

x(1)6(t—1,) = x(t,)8(t —t,)

Example:

Consider the discontinuous signal x (t)

xit)
2
x(r)
1=
2 0 i
17 -1
0 ¢ 2
= 3= L

Fig. 1.22 The discontinuous signal and its derivative.

Note that the derivative of a unit step with a discontinuity of size of k gives rise to an impulse
of area k at the point of discontinuity.



1.10 Continuous-Time and Discrete-Time Systems

A system can be viewed as a process in which input signals are transformed by the system or
cause the system to respond in some way, resulting in other signals as outputs. Examples

1'1{!]C> ‘o ] C — v ll)

—» [1)

(b)

Fig. 1. 23 Examples of systems. (a) A system with input voltage v s (t) and output voltagevo(t)

(b) A system with input equal to the force f(t) and output equal to the velocity v( t) .

A continuous-time system is a system in which continuous-time input signals are applied and
results in continuous-time output signals.

Continuous-time
xi(t) ————» —> (1)
system

A discrete-time system is a system in which discrete-time input signals are applied and results
in discrete-time output signals.

] ,| Discrete-time . 1]
system

1.10.1 Simple Examples of Systems
Example 1: Consider the RC circuit in Fig. 23 (a).

The current i(t) is proportional to the voltage drop across the resistor:



The current through the capacitor is

dv.(1)
dt

iit)=C

Equating the right-hand sides of both the above equations, we obtain a differential equation
describing the relationship between the input and output:

dv.(t) | |
e v () =—, (1),
dt RC e RC

Example 2: Consider the system in Fig. 23 (b), where the force f(t) as the input and the velocity
v( t) as the output. If we let m denote the mass of the car and pv the resistance due to friction.
Equating the acceleration with the net force divided by mass, we obtain

adv(t) |

dt m

MO Pony=L 1.
dt m m

[£(6) - pv)]

It is first-order linear differential equations of the form:

dy(t)

clt

+ay(t) = bx(t).

Example 3: Consider a simple model for the balance in a bank account from month to month.
Let y [n] denote the balance at the end of nth month, and suppose that y[n] evolves from month
to month according the equation:

y [n] =1.01y[n -1] + x [n] ,
or

y [n] -1.01y[n -1] =x [n],

where X [n] is the net deposit (deposits minus withdraws) during the nth month 1.01y[n -1]
models the fact that we accrue 1% interest each month.

Some conclusions:
- Mathematical descriptions of systems have great deal in common;

- A particular class of systems is referred to as linear, time-invariant systems.



- Any model used in describing and analyzing a physical system represents an idealization of
the system.

1.11 Interconnects of Systems

System1 —*  Qutput

L

Input ——— | System1

(a)

Y

System1

nput —— (—>  output

System 2

h 4

(b)

h 4

System1 }—D System 2

Input— Output

4

System 3

(c)

Fig. 1.24 Interconnection of systems. (a) A series or cascade interconnection of two systems;
(b) A parallel interconnection of two systems;

(c) Combination of both series and parallel systems.
Input—hi System1 Output
System 2

Fig. 1.25 Feedback interconnection.
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Fig. 1.26 A feedback electrical amplifier.
1.12 Basic System Properties
1.12.1 Systems with and without Memory

A system is memoryless if its output for each value of the independent variable as a given time
is dependent only on the input at the same time. For example:

y[n] =(2 x[n] ~*?[n])?
is memoryless.

A resistor is a memoryless system, since the input current and output voltage has the
relationship,

i(r)

vir)

v()=Ri),
where R is the resistance.

One particularly simple memoryless system is the identity system, whose output is identical to
its input, that is



y(®)=x(t) or y[n]=x[n]

An example of a discrete-time system with memory is an accumulator or summer.

)= Y afkl= S ]+ x{n] = yin—1]+ afn].
b= k=—x

Or
y[n]-y[n-1]=x[n]
Another example is a delay
y[n]=x[n-1]
A capacitor is an example of a continuous-time system with memory

i)

R +

- vir)

W) =%j‘ i(t)dr

where C is the capacitance
1.12.2 Invertibility and Inverse System

A system is said to be invertible if distinct inputs leads to distinct outputs.

n |
®x[n] ——» System vinl » snyi.:;g;? —®* wn]=x[n]
_ y(t) _
X(t) —  y(t)=2x(t) > w(t)=0.5y(t) —— w(t)=x(t)

- t
xin)—>{ yin = 3 xik] [

k

wn] = ¥[n]- ¥[n-1] |— wn]= x[n]

Fig. 1.27Concept of an inverse system.



Examples of non-invertible systems:

y[n]=0,

the system produces zero output sequence for any input sequence.
y(0)=x¥(1),

in which case, one cannot determine the sign of the input from the knowledge of the output.
Encoder in communication systems is an example of invertible system, that is, the input to the
encoder must be exactly recoverable from the output.

1.12.3 Causality

A system is causal if the output at any time depends only on the values of the input at present
time and in the past. Such a system is often referred to as being nonanticipative, as the system
output does not anticipate future values of the input.

The RC circuit in Fig. 23 (a) is causal, since the capacitor voltage responds only to the present
and past values of the source voltage. The motion of a car is causal, since it does not anticipate
future actions of the driver.

The following expressions describing systems that are not causal:
y [n]=x[n] - x[n+1],

and

y (1) =x(t+1)
All memoryless systems are causal, since the output responds only to the current value of input.
Example: Determine the Causality of the two systems:
(1) y [n]=x[-n]
(2) y (t)=x (t) cos(t +1)

Solution: System (1) is not causal, since whenn <0, e.g. n = -4, we see thaty [-4] =x [4] , soO
that the output at this time depends on a future value of input.

System (2) is causal. The output at any time equals the input at the same time multiplied by a
number that varies with time.

1.12.4 Stability

A stable system is one in which small inputs leads to responses that do not diverge. More
formally, if the input to a stable system is bounded, then the output must be also bounded and
therefore cannot diverge.

Examples of stable systems and unstable systems:



v ()

The above two systems are stable system.

The accumulator y[n] = Y% __, x[k] is not stable, since the sum grows continuously even if
x [n] is bounded.

Check the stability of the two systems:
o SLy(t)=tx(t);

o S2:y(t)=e*O®

e Slisnot stable, since a constant input x (t)= 1, yields y(t ) = t, which is not bounded —
no matter what finite constant we pick,| y( t)| will exceed the constant for some t.

e S2isstable. Assume the input is bounded [x (t)] < B, or - B <x (t) < B forall t.

We then see that y (t) is bounded e® < y(t) < €&
1.12.5 Time Invariance

A system is time invariant if a time shift in the input signal results in an identical time shift in
the output signal. Mathematically, if the system output is y (t) when the input is x(t) , a
timeinvariant system will have an output of y(t-to) when input is X(t-to).

Examples: -
The system y (t) =sin[x (t)] is time invariant.

The system y [n] = n Xx[n] is not time invariant. This can be demonstrated by using
counterexample. Consider the input signal X:[n] =d[n] , which yields yi[ n] =0 . However, the
input  x2[n]= 8[n-1] yields the output y2[n]=n 3[n-1]. Thus, while x2[n] is the shifted version
of x1[n] , y2[n] is not the shifted version of yi[ n].

The system y (t) = x( 2t) is not time invariant.

To check using counter example. Consider x1(t) shown in Fig. 1.30 (a), the resulting output
y1( t) is depicted in Fig. 1.30 (b). If the input is shifted by 2, that is, consider x2 ()= x1 (t -2) ,
as shown in Fig. 1.30 (c), we obtain the resulting output y2(t)= x2(2t) shown in Fig. 1.30 (d). It
is clearly seen that ya(t) # y1(t-2), so the system is not time invariant.



x,(r) ¥tk x, ()= x(1-2)

(a) (b) (c)

¥ (1) yolr=12)

0 2 1 3
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Fig. 1.28 Inputs and outputs of the system y('t) = x(2t)
1.12.6 Linearity
The system is linear if
e The response to x1(t)+ x2(t) is y1(t)+y2(t) - additivity property
e The response to axa(t) is ayi(t) - scaling or homogeneity property.
e The two properties defining a linear system can be combined into a single statement:

e Continuous time: axi(t)+bxo(t) > ayi(t) + b ya(t)
e Discrete time: axi[n] +b x2[n] - ayi[n] + byz[n]
e Here aand b are any complex constants.

e Superposition property: If X« [n], k=1,2,3...... are a set of inputs with corresponding
outputs yk [n], k = 1,2,3...., then the response to a linear combination of these inputs
given by

xn]= Z:a‘txJL [n]=a,x[n]+a,x,[n]+ax;[n]+. .,
k

Mnl= Y a,3,[n]=a,y,[n]+ a,y,[n] +a,y,[n] + ..,
k

which holds for linear systems in both continuous and discrete time.
For a linear system, zero input leads to zero output.



Examples:

e Thesystemy (t) =t x(t) is a linear system.

e The system y(t) = x2(t) is not a liner system. -

e Thesystemy [n][ = Re{x [n] }, is additive, but does not satisfy the homogeneity, so
it is not a linear system.

e Thesystemy[n][ =2x[n] + 3isnotlinear.y [n] =3 if x [n] =0, the system violates
the “zeroin/zero-out” property. However, the system can be represented as the sum
of the output of a linear system and another signal equal to the zero-input response of
the system. For system y [n]= 2X[ n] + 3, the linear system is

x[n] = 2 x[n]
and the zero-input response is
yo[n]=3
as shown in Fig. 1.29.
ylt)

x(t) ——» Linear system vir)

Fig. 1.29 Structure of an incrementally linear system. yo(t) is the zero-input
response of the system.

The system represented in Fig. 1.29 is called incrementally linear system. The system
responds linearly to the changes in the input.

The overall system output consists of the superposition of the response of a linear
system with a zero-input response.

SUMMARY

Signals are represented mathematically as functions of one or more independent variables.
There are two types of signals: continuous-time signals and discrete-time signals.

The variable of time is continuous in case of Continuous-time signal.

The variable of time is discrete in case of Discrete-time signal.

In many situations, it is important to consider signals related by a modification of the
independent variable. These modifications will usually lead to reflection, scaling, and shift.

A periodic continuous-time signal x (t) has the property that there is a positive value of T for
whichx (t) =x (t+T) forallt



Any signal can be decomposed into a sum of two signals, one of which is even and one of
which is odd.

The sinusoidal signal is also a periodic signal with a fundamental period of TO .

The continuous-time unit impulse can also be considered as the first derivative of the
continuous time unit step.

The continuous-time unit step is the running integral of the unit impulse.

A continuous-time system is a system in which continuous-time input signals are applied and
results in continuous-time output signals.

A discrete-time system is a system in which discrete-time input signals are applied and results
in discrete-time output signals.

A system is memoryless if its output for each value of the independent variable as a given time
is dependent only on the input at the same time.

A system is said to be invertible if distinct inputs leads to distinct outputs.

A system is causal if the output at any time depends only on the values of the input at present
time and in the past. Such a system is often referred to as being nonanticipative, as the system
output does not anticipate future values of the input.

A stable system is one in which small inputs leads to responses that do not diverge. More
formally, if the input to a stable system is bounded, then the output must be also bounded and
therefore cannot diverge.

A system is time invariant if a time shift in the input signal results in an identical time shift in
the output signal. Mathematically, if the system output is y (t) when the input is x( t) , a time
invariant system will have an output of y(t-to) when input is X(t-to).

The system is linear if

The response to x1(t)+ x2(t) is y1(t)+y2(t) - additivity property
The response to axi(t) is ayi(t) - scaling or homogeneity property.
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2.0 OBJECTIVES

e Understand Trigonometric Fourier series components
e Periodic Fourier series components
e Understand the properties of Fourier transform

2.1INTRODUCTION TO FOURIER SERIES

We will now turn to the study of trigonometric series. You have seen that functions have series
representations as expansions in powers of x, or x — a, in the form of Maclaurin and Taylor
series. Recall that the Taylor series expansion is given by

=]

flx) = L cylx —a)®,

n=(l
where the expansion coefficients are determined as

B i,:'lrljl:“1I

!

Cn

From the study of the heat equation and wave equation, we have found that there are infinite
series expansions over other functions, such as sine functions. We now turn to such expansions
and in the next chapter we will find out that expansions over special sets of functions are not
uncommon in physics. But, first we turn to Fourier trigonometric series.

We will begin with the study of the Fourier trigonometric series expansion

[==]
i 8 HITX . mITx
flx) = =2 + L iy CO8 —— + by sin ——.
’ L L

n=1
We will find expressions useful for determining the Fourier coefficients {an, bn} given a
function f(x) defined on [-L, L]. We will also see if the resulting infinite series reproduces f(x).
However, we first begin with some basic ideas involving simple sums of sinusoidal functions.

There is a natural appearance of such sums over sinusoidal functions in music. A pure note can
be represented as

y(t) = A sin(2n f't)

where A is the amplitude, f is the frequency in hertz (Hz), and t is time in seconds. The
amplitude is related to the volume of the sound. The larger the amplitude, the louder the sound.
In Figure 2.1 we show plots of two such tones with f = 2 Hz in the top plot and f =5 Hz in the
bottom one.

In these plots you should notice the difference due to the amplitudes and the frequencies. You
can easily reproduce these plots and others in your favorite plotting utility.

As an aside, you should be cautious when plotting functions, or sampling data. The plots you
get might not be what you expect, even for a simple sine function.
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Figure 2.1: Plots of y(t) = A sin(2rntf t) on [0, 5] for f=2 Hz and f =5 Hz.

In Figure 2.2 we show four plots of the function y(t) = 2 sin(4nt). In the top left you see a proper
rendering of this function. However, if you use a different number of points to plot this
function, the results may be surprising. In this example we show what happens if you use N =
200, 100, 101 points instead of the 201 points used in the first plot. Such disparities are not
only possible when plotting functions, but are also present when collecting data. Typically,
when you sample a set of data, you only gather a finite amount of information at a fixed rate.
This could happen when getting data on ocean wave heights, digitizing music and other audio
to put on your computer, or any other process when you attempt to analyze a continuous signal.

y(t)=2 sin(4 = t) for N=201 points y(t)=2 sin(4 n t) for N=200 points
4 4
2 2
=Z o = o
> >
-2 -2
-4 . -4
0 1 2 3 4 s ] 2 3 4 5
Time Time
y(t)=2 sin(4 = t) for N=100 points y(t)=2 sin(4 n t) for N=101 points
4 -
2 2
E QW E ;
> >
-2 -2
-4 -4
0 1 2 3 B 5 o 2 3 B 5
Time Time

Figure 2.2: Problems can occur while plotting. Here we plot the function y(t) = 2 sin 4mt
using N = 201, 200, 100, 101 points.



Next, we consider what happens when we add several pure tones. After all, most of the sounds
that we hear are in fact a combination of pure tones with different amplitudes and frequencies.
In Figure 2.3 we see what happens when we add several sinusoids. Note that as one adds more
and more tones with different characteristics, the resulting signal gets more complicated.
However, we still have a function of time.

yif)

[ 1 2 3

[a) Sum of signals with frequencies

f=2Hzand f =5H=z

{b) Sum of signals with frequencies

f=2Hz f=5Hz and f = 8 Hz.

Figure 2.3: Superposition of several sinusoids.
Given a function f(t), can we find a set of sinusoidal functions whose sum converges to f(t)?”

Looking at the superposition in Figure 2.3, we see that the sums yield functions that appear to
be periodic. This is not to be unexpected. We recall that a periodic function is one in which the
function values repeat over the domain of the function. The length of the smallest part of the
domain which repeats is called the period. We can define this more precisely: A function is
said to be periodic with period T if f(t + T) = f(t) for all t and the smallest such positive number
T is called the period.

2.2 GOAL - FOURIER ANALYSIS

Given a signal f(t), we would like to determine its frequency content by finding out what
combinations of sines and cosines of varying frequencies and amplitudes will sum to the given
function. This is called Fourier Analysis.

2.3 TRIGONOMETRIC FOURIER SERIES



As we have seen in the last section, we are interested in finding representations of functions in
terms of sines and cosines. Given a function f(x) we seek a representation in the form

L. @y = _
flx) ~ =+ L [y cos nx + by sinnx|.

= n=1

Notice that we have opted to drop the references to the time-frequency form of the phase. This
will lead to a simpler discussion for now and one can always make the transformation nx = 2n
fnt when applying these ideas to applications.

The series representation in Equation is called a Fourier trigonometric series. We will simply
refer to this as a Fourier series for now.

yiE)

0 10 20
t

(a) Plot of functiom f(t).

y(t)

0 10 20
t

(b) Periodic extension of f(t).

Figure 2.4: Plot of the function f(t) defined on [0, 2mt] and its periodic extension.

The set of constants a0, an, bn, n =1, 2, .. . are called the Fourier coefficients. The constant
term is chosen in this form to make later computations simpler, though some other authors
choose to write the constant term as a0. Our goal is to find the Fourier series representation
given f(x). Having found the Fourier series representation, we will be interested in determining
when the Fourier series converges and to what function it converges.
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{a) Sum of signals with frequencies

f=2Hzand f =5H=

{b) Sum of signals with frequencies

f=2Hz f=5Hz and f =8 Hz.

Figure 2.5: Superposition of several sinusoids.

Looking at the superpositions in Figure 2.5, we see that the sums yield functions that appear to
be periodic. This is not to be unexpected. We recall that a periodic function is one in which the
function values repeat over the domain of the function. The length of the smallest part of the
domain which repeats is called the period. We can define this more precisely: A function is
said to be periodic with period T if f(t + T) = f(t) for all t and the smallest such positive number
T is called the period. For example, we consider the functions used in Figure 3.3. We began
with y(t) = 2 sin(4nt). Recall from your first studies of trigonometric functions that one can
determine the period by dividing the coefficient of t into 2x to get the period. In this case we
have

From our discussion in the last section, we see that The Fourier series is periodic. The periods
of cos nx and sin nx are 2x n . Thus, the largest period, T = 2w, comes from the n = 1 terms and
the Fourier series has period 27. This means that the series should be able to represent functions
that are periodic of period 2m. While this appears restrictive, we could also consider functions
that are defined over one period. we can show a function defined on [0, 2x]. In the same figure,
we show its periodic extension. These are just copies of the original function shifted by the
period and glued together. The extension can now be represented by a Fourier series and



restricting the Fourier series to [0, 2mt] will give a representation of the original function.
Therefore, we will first consider Fourier series representations of functions defined on this
interval. Note that we could just as easily considered functions defined on [—=m, ©] or any
interval of length 2. We will consider more general intervals later in the chapter.

Fourier Coefficients Theorem 2.1. The Fourier series representation of f(x) defined on [0, 2x],
when it exists, is given by equation with Fourier coefficients

1 2 .
iy = — flalecosnxdy, n=0,12...,
mJo ¢ :

1 im .
by, = —[ flex)sinnxdx, n=12,....
TJo 7 )

These expressions for the Fourier coefficients are obtained by considering special integrations
of the Fourier series. We will now derive the an integrals in equation. We begin with the
computation of a0. Integrating the Fourier series term by term in Equation above, we have

r2m

2 dp 2T )
/ flx)dx = [ — dx + [ L |t cos nx 4 by sinnx| dx.
Jo Jo 2 Joo 3

We will assume that we can integrate the infinite sum term by term. Then

we will need to compute

-
=% dn ip .

/'r —dy = —(27) = mrag,

Jo
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pam sinix | "
cosnxdx = =10,
L H In
= =27
E —cosnx |”
sinnxdx = = .
Jo el lo

From these results we see that only one term in the integrated sum does not vanish leaving

a

/ flx)dx = may.
J00

This confirms the value for a¢® Next, we will find the expression for an. We multiply the
Fourier series above by cos mx for some positive integer m. This is like multiplying by cos
2X, cos 5x, etc. We are multiplying by all possible cos mx functions for different integers m all
at the same time. We will see that this will allow us to solve for the an’s.

We find the integrated sum of the series times cos mx is given by
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Integrating term by term, the right side becomes
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[ flx)cosmxdx = — [ cos mx dx
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We have already established that fozn cosmx dx = 0 which implies that the first term

vanishes. Next we need to compute integrals of products of sines and cosines. This requires
that we make use of some of the trigonometric identities listed . For quick reference, we list
these here.

Useful Trigonometric Identities

sinfrXy) = sinxcosyLsinycosx
cos(x+y) = cosxcosyFsinxsiny
o 1
sin“x = 5 [1—cos2x)
2 1
cosTx = 5 (14 cos2x)
1 .
sinysiny = E[cm-:-!_x —y) —cos(x +y))
1 .
cosxYcosy = E[cur.*-:-!_.vt +y) +cos(x —y))
1 . !
sinxcosy = E[sin[.r+y_:| +sin(x —y))

We first want to evaluate fozn cos nx cos mx dx. We do this by using the
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5 [ [cosim +n)x +cos(m — n)x|dx
A0

2
[ COSNX ODS X [f.'f
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1

sin(m + n)x N sin(m —n)x]*"
2
0.

i+ n m—n 0

|
There is one caveat when doing such integrals. What if one of the denominators m + n vanishes?

For this problem m + n # 0, since both m and n are positive integers. However, it is possible
for m = n. This means that the vanishing of the integral can only happen when m # n. So, what
can we do about the m = n case? One way is to start from scratch with our integration. (Another
way is to compute the limit as n approaches m in our result and use L’Hopital’s Rule.)



For n = m we have to compute fozn cos2mx dx . This can also be handled using a

trigonometric identity. Using the half angle formula, with 8 = mx, we find

r2m . 1 2
] cos-mxdx = = [ {1+ cos2mx) dx
J0 2 Jo
1 1 2
= 3 [ + 5 sin Em:rl ;
1
= E[Z?{} =1

To summarize, we have shown that

r2m 0, m+#n
/ cosnx cosmx dy =
) T, M=

This holds true form, n =0, 1, . ... [Why did we include m, n = 0?] When we have such a
set of functions, they are said to be an orthogonal set over the integration interval. A set of
(real) functions {@n(X)} is said to be orthogonal on [a, b] if

J': gn(x)gpm(x)dx = 0 when n # m.

Furthermore, if we also have that
T2 (x)dx =1,
these functions are called orthonormal.

The set of functions {cosnx),-,are orthogonal on [0, 27]. Actually, they are orthogonal on
any interval of length 2. We can make them orthonormal by dividing each function by V = as
indicated by Equation .

This is sometimes referred to normalization of the set of functions. The notion of
orthogonality is actually a generalization of the orthogonality of vectors in finite dimensional

vector spaces. The integral f; f(x) f(x)dx is the generalization of the dot product, and is

called the scalar product of f(x) and g(x), which are thought of as vectors in an infinite
dimensional vector space spanned by a set of orthogonal functions.

we still have to evaluate fozn sin nx cos mx dx. We can use the trigonometric identity
involving products of sines and cosines, Setting A =nx and B = mx,

That
2m 1 rim
[ sinnxcosmxdx = = / [sinin + m)x + sin(n — m)x| dx
S £ J0
\ Y2
1 [—cos(n+mlx —cos(n—m)x
2 -+ m i — lo
= (-14+1)+(-1+1)=0.

So,
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[ sinnxcosmxdy = 0.
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For these integrals we also should be careful about setting n = m. In this special case, we have
the integrals

o 1 [ —cos2m: 2m
[ SIN2Zmxdx = = | il _a.
0 2 2m J

=] B
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Finally, we can finish evaluating the expression in Equation. We have determined that all but
one integral vanishes. In that case, n = m. This leaves us with

2
[ filx)cosmxdx = ay.
Jo -

Solving for am gives

1 rim
iy = — fix) cosmx dx.
T.Jn

Since thisis true forallm =1, 2, .. ., we have proven this part of the theorem. The only part
left is finding the bn’s This will be left as an exercise for the reader.

We now consider examples of finding Fourier coefficients for given functions. In all of these
cases we define f(x) on [0,2 II]

Example 2.1. f(x) = 3 cos 2x, X € [0, 2n]. We first compute the integrals for the Fourier
coefficients.

2
g = — Jeos2xdy = 0.
T Jo
1 jim )
iy, = = 3cos2ycosnxdy =0, n#2
7T Jo
2
iz = L] Jcos 2vdx =3,
T Jo
1 2m
b, = = Feos2xsinnxdx = 0, %n.
T Jo

The integrals for a0, an, n # 2, and bn are the result of orthogonality. For a2, the integral can
be computed as follows:

1 2T
i = = [ 3 cos? 2x dx
0

2.,

2
3 1
= ’/.1: - 1 sindx \| = 3.

2m
R
This term vanishes!] o

3 2
= )f] [1+ cosdx| dx
L




Therefore, we have that the only nonvanishing coefficient is a2 = 3. So there is one term and
f(x) = 3 cos 2x.

Well, we should have known the answer to the last example before doing all of those integrals.
If we have a function expressed simply in terms of sums of simple sines and cosines, then it
should be easy to write down the Fourier coefficients without much work. This is seen by
writing out the Fourier series,

iap

oo
© a .
flx) ~ 5 + L |ty cos nx + by sinnx| .

{ip . 2
= 3 +impcosx +hsiny 4+ +arcos?x + bsin 2y +

For the last problem, f(x) = 3 cos 2x. Comparing this to the expanded Fourier series, one can
immediately read off the Fourier coefficients without doing any integration. In the next
example we emphasize this point.

Example 2.2. f(x) =sin2 x, x € [0, 2x].

We could determine the Fourier coefficients by integrating as in the last example. However,
it is easier to use trigonometric identities. We know that

sin® x = l[1 —ooslx) = l — lv:ﬂu.'-c- 2x.
2 2 2
There are no sine terms, sobn =0,n =1, 2, ... . There is a constant term, implying a0/2 =

1/2. So, a0 = 1. There is a cos 2x term, corresponding to n =2, so a2 =—1 2 . That leaves an =
0forn+#0,2.So,a0 =1, a2 =—1 2, and all other Fourier coefficients vanish

Example 2.3. f(x)=1,0<x<mxn,—1,n1<x<2m,.

(]

Figure 2.6: Plot of discontinuous function in Example 2.3
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We have found the Fourier coefficients for this function. Before inserting them into the Fourier
series , we note that cos nt = (—1) n . Therefore,

1—cosnm = 0., # even
' 2, nodd

So, half of the bn’s are zero. While we could write the Fourier series representation as

]

4 1 .
flx) ~ = "g; ;:ﬂnrrx,

nodd

we could let n =2k — 1 in order to capture the odd numbers only. The answer can be written
as

flx) = 3



Having determined the Fourier representation of a given function, we would like to know if
the infinite series can be summed; i.e., does the series converge? Does it converge to f(x)?
We will discuss this question later in the chapter after we generalize the Fourier series to
intervals other than for x € [0, 2x].

2.4 FOURIER SERIES OVER OTHER INTERVALS

In many applications we are interested in determining Fourier series representations of
functions defined on intervals other than [0, 27xt]. In this section we will determine the form of
the series expansion and the Fourier coefficients in these cases. The most general type of
interval is given as [a, b]. However, this often is too general. More common intervals are of the
form [—n, «], [0, L], or

[-L/2, L/2]. The simplest generalization is to the interval [0, L]. Such intervals arise often in
applications. For example, for the problem of a one dimensional string of length L we set up
the axes with the left end at x = 0 and the right end at x = L. Similarly for the temperature
distribution along a one dimensional rod of length L we set the interval to x € [0, 2x]. Such
problems naturally lead to the study of Fourier series on intervals of length L. We will see later
that symmetric intervals, [—a, a], are also useful. Given an interval [0, L], we could apply a
transformation to an interval of length 2n by simply rescaling the interval. Then we could apply
this transformation to the Fourier series representation to obtain an equivalent one useful for
functions defined on [0, L].

Figure 2.7: A sketch of the transformation between intervals x € [0, 2r] and t € [0, L]

We define x € [0, 2] and t € [0, L]. A linear transformation relating these intervals is simply
x =2xt L as shown in Figure 2.7. So, t = 0 maps to x = 0 and t = L maps to x = 2n. Furthermore,
this transformation maps f(x) to a new function g(t) = f(x(t)), which is defined on [0, L]. We
will determine the Fourier series representation of this function using the representation for
f(x) from the last section. Recall the form of the Fourier representation for f(x) in Equation

o0
£ ip " .
FI_.'L’. o E T L dpcosny + by sinnx .
1

Inserting the transformation relating x and t, we have

[=7]
- dp o 2nrt L 2nmt
glt) ~ —+ .I.L'] [rr._. Cos 7 + by sin |

This gives the form of the series expansion for g(t) with t € [0, L]. But, we still need to
determine the Fourier coefficients. Recall, that

1 2m
iy = — [ flx)cosnxdx.
m o



We need to make a substitution in the integral of x = 2nt L . We also will need to transform the
differential, dx = 2z L dt. Thus, the resulting form for the Fourier coefficients is

2nrrt
dt.

2 gL )
_ = £Y cos
iy L[] g[ | COS

Similarly, we find that

L . Z2nmt
by = [ﬂg[t_:l:-:.m 7 dt.

=] 3

We note first that when L = 2 we get back the series representation that we first studied. Also,
the period of cos 2nmt L is L/n, which means that the representation for g(t) has a period of L
corresponding to n = 1. At the end of this section we present the derivation of the Fourier series
representation for a general interval for the interested reader.

At this point we need to remind the reader about the integration of even and odd functions on
symmetric intervals. We first recall that f(x) is an even function if f(—x) = f(x) for all x. One
can recognize even functions as they are symmetric with respect to the y-axis as shown in
Figure 2.8

Figure 2.8: Area under an even function on a symmetric interval, [—a, a].

If one integrates an even function over a symmetric interval, then one has that

[lr fix)dx=2 /Ir_.ir':.-'l'] dx.
_ Jo

One can prove this by splitting off the integration over negative values of x, using the
substitution x = —y, and employing the evenness of f(x). Thus,
P ] a
_ _“_f'!.I\_I:.I'I = _/;1 flx)dx + ’{_; f(x)dx
[[rcnsrs [ i

=) flewdy+ [ fx)dx
[ﬂ J‘[;.f‘.l-rf;.f+.[ﬂl flx)dx
Q_II; flx)dx.



This can be visually verified by looking at Figure 2.8. A similar computation could be done for
odd functions. f(x) is an odd function if f(—x) = —f(x) for all x. The graphs of such functions
are symmetric with respect to the origin as shown in Figure 2.9. If one integrates an odd
function over a symmetric interval, then one has that

/ﬂ flx)dx = 0.
Odd Functions o

4

Figure 2.9: Area under an odd function on a symmetric interval, [—a, a].

Example 2.4.

Let f(x) = [x| on [-&, 1] We compute the coefficients, beginning as usual with a0. We have,
using the fact that |x| is an even function,

1 iy
g = — |x| dx

i J—m
2 o

= —[ xdx=m
it o

We continue with the computation of the general Fourier coefficients for f(x) = |x| on [, «].
We have

T

1 2 7
iy = — x|cosnxdy = — [ xcosnxdx.
i T Jo

Here we have made use of the fact that |x| cos nx is an even function. In order to compute the
resulting integral, we need to use integration by parts ,

b b b
[ udy =no| — [ o,
Ja [ Ji

by letting u = x and dv = cos nx dx. Thus, du=dxand v =fdv = % sin nx.




Fourier Series on l.'.l L]
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Continuing with the computation, we have
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Here we have used the fact that cos nt = (—1) " for any integer n. This leads to a factor (1 —
(=1) ™). This factor can be simplified as

- (—1)" = { 2, nodd

0, neven



So, an = 0 for n even and an = — ﬁfor n odd. Computing the bn’s is simpler. We note that

we have to integrate |x| sin nx from x = —r to m. The integrand is an odd function and this is a
symmetric interval. So, the result is that bn = 0 for all n. Putting this all together, the Fourier
series representation of f(x) = [x| on [—m, 7] is given as

F(x) o T 4 = cosnx
(1)~ = — = z _
LX) o 5

TE n

n odd

While this is correct, we can rewrite the sum over only odd n by reindexing. We let n =2k — 1
fork=1, 2,3,....Then we only get the odd integers. The series can then be written as
. 7 4 & cos(2k—1)x

fo~3 - L
Throughout our discussion we have referred to such results as Fourier representations. We have
not looked at the convergence of these series. Here is an example of an infinite series of
functions. What does this series sum to? We show in Figure 2.10 the first few partial sums.
They appear to be converging to f(x) = |x| fairly quickly. Even though f(x) was defined on [,
n] we can still evaluate the Fourier series at values of x outside this interval. In Figure 2.11, we
see that the representation agrees with f(x) on the interval [, ©t]. Outside this interval we have
a periodic extension of f(x) with period 2n. Another example is the Fourier series representation
of f(x) =x on [—x, ] This is determined to be

o3 |:_1-=l_l—l

flx)~2%"

r=]

sim nx.

"

As seen in Figure 2.12 we again obtain the periodic extension of the function. In this case we
needed many more terms. Also, the vertical parts of the

Figure 2.10: Plot of the first partial sums of the Fourier series representation for f(x) = |x|.



Figure 2.11: Plot of the first 10 terms of the Fourier series representation for f(x) = x| on the
interval [—2m, 4m).

A A A

A4
% N

Figure 2.12: Plot of the first 10 terms and 200 terms of the Fourier series representation for
f(x) = x on the interval [—2m, 47].

2.5 Representation of Aperiodic Signals: The Continuous-Time Fourier Transform
2.5.1 Development of the Fourier Transform Representation of an Aperiodic Signal
Starting from the Fourier series representation for the continuous-time periodic square wave:

1, |r| <T,

W=, 1 <pf<rr2’



x(r)

LI ]

| |
-ar -r r-1, 71 T T 2T
2 2
The Fourier coefficients ax for this square wave are
_ 2sin(ke, T, )
! koo, T
or alternatively
2sm{wT))

il —_—
k i 3

o =k

where 2sin(wT1 ) /o represent the envelope of Tak -

e When T increases or the fundamental frequency w0 = 211/ T decreases, the envelope
is sampled with a closer and closer spacing. As T becomes arbitrarily large, the original

periodic square wave approaches a rectangular pulse.

e Tax becomes more and more closely spaced samples of the envelope, as T 2 «, the

Fourier series coefficients approaches the envelope function.



This example illustrates the basic idea behind Fourier’s development of a representation for
aperiodic signals.

Based on this idea, we can derive the Fourier transform for aperiodic signals.

Suppose a signal x(t) with a finite duration, that is, x(t) = 0 for |t|> T1, as illustrated in the
figure below.

e From this aperiodic signal, we construct a periodic signal x(t) , shown in the figure
below.

_ET _T _T'| U T'| T 2T t

e AsST 2w, ~x(t) =x(t), for any infinite value of t .
e The Fourier series representation of ~x (t) is



4o
_:E“} — ZHI"EL&M“ .

b=—x

_ L priz -kt g

a, _F'L :_'c{.r}e f.
Since ~x(t)=x(t)for |t|<T/2,and also, since x(t) = 0 outside this interval, so we have
a, = LJI ) x(f)e "t = lr x(t)e " dt

tordne r=
e Define the envelope X( jw) of Tax as

Xijw) = I x(f)e™™dt .

we have for the coefficients ax,
1 :
a, = FX{;kmu}
Then ~x(t) can be expressed in terms of X( jw), that is

o — 1 - gl l - - [T g
=y =X ko, o =5 > X(jko,)e" ™ o, .
f=—a k=—xo

AsT > o, ~x () = x (t) and consequently, Equation becomes a representation of x(t).

In addition, @0 = 0as T >0, and the right-hand side of Equation becomes an
integral.

We have the following Fourier transform:

] - Tiilg =
x(1) =E_‘:X(jﬂ})€j do Inverse Fourier Transform

and

X(jo)=[ x(e’™dt  Fourier Transform

2.5.2 Convergence of Fourier Transform

If the signal x(t) has finite energy, that is, it is square integrable,

[ eto)| de <o,



Then we guaranteed that X( jw) is finite or Equation converges.

If e(t) =~ x (t) - x (t) , we have
[ ()| di = 0.

An alternative set of conditions that are sufficient to ensure the convergence:

Conditionl: Over any period, x(t) must be absolutely integrable, that is

J: x(o)ldt <=,

Condition 2: In any finite interval of time, x(t) have a finite number of maxima and minima.
Condition 3: In any finite interval of time, there are only a finite number of discontinuities.
Furthermore, each of these discontinuities is finite.

2.5.3 Examples of Continuous-Time Fourier Transform
Example: consider signal x(t) e® u(t)=,a>0.

From Equation,

1

= —, a0
a+ jo

X(jo) = [ e e dt = - ——eteox
v a+jm

i

If a is complex rather then real, we get the same result if Re{a}> 0
The Fourier transform can be plotted in terms of the magnitude and phase, as shown in the
figure below.

{0

. 1 . 4
X(jo) = —— . /X (jw)=—tan [—J
St / 7

| X [t}

ia)

i

Example: Let x (t)=e 2 a>0



. = _al - e O e Car e 1 1 2a
X[;m]=f e e’ a’r=Ie'e*’ df+f£ﬂ e dt = — + — = — .
- - I a—jo  a+ jo g+

The signal and the Fourier transform are sketched in the figure below

xft)

Example:

x(t) =8(1).

X(jo)= j’ S()e ™dt =1.

x(t) = 8(1) X(jw) =1

That is, the impulse has a Fourier transform consisting of equal contributions at all
frequencies.

Example: Calculate the Fourier transform of the rectangular pulse signal

o Ib b <T,
x(t) = 0. |F|3"T.‘
x(r)
1

_TI ]r'l

X(jo)= I x(t)e ™ dt = r! le ™™™ dt = ESH:T' .




The Inverse Fourier transform is

. 1 p= _sinmT
_rm:_[ 27—
2 = (1)

e dw,
Since the signal x(t) is square integrable,
e(t) = [ (1) - %(1)| dt = 0.
x"(t) converges to x(t) everywhere except at the discontinuity, T1 t =+, where x"(t) converges
to %2, which is the average value of x(t) on both sides of the discontinuity.
In addition, the convergence of x"(t) to x(t) also exhibits Gibbs phenomenon. Specifically, the

integral over a finite-length interval of frequencies

1 ¢ _smnwl, .,
— 2———Le™dm
2 W 0]

As W > , this signal converges to x(t) everywhere, except at the discontinuities. More over,
the signal exhibits ripples near the discontinuities. The peak values of these ripples do not
decrease as W increases, although the ripples do become compressed toward the discontinuity,
and the energy in the ripples converges to zero.

Example: Consider the signal whose Fourier transform is

X(ia) L, |of < W
M) = .
U@ =1y, @] > W
Kjoa) it
1
Win
W W ik | t
—mW W
fal [

The Inverse Fourier transform is

1 o sin Wt
) =—| e™do= .
O=5.1 =

Comparing the results in the preceding example and this example, we have



FT
—

Square wave Sinc function
%

Fr
This means a square wave in the time domain, its Fourier transform is a sinc function. However,
if the signal in the time domain is a sinc function, then its Fourier transform is a square wave.
This property is referred to as Duality Property.

We also note that when the width of X( jw) increases, its inverse Fourier transform x(t) will be
compressed. When W = o« , X( jw) converges to an impulse. The transform pair with several
different values of W is shown in the figure below.

Wy'= walll

wiy'w

i
i
Ty W WYy Wy '

Xyl gl Ealju)

2.6 The Fourier Transform for Periodic Signals

The Fourier series representation of the signal x(t) is
x(t) = iaie’*”'* .
k=
It’s Fourier transform is
X(jm)= Z 2ma, 0(m ko).

k=—ax

Example: If the Fourier series coefficients for the square wave below are given



x(r)

e I I I I I I
- 27 -T T -1 1, T T 2r
2 2
sinka, T
a, = R
k
The Fourier transform of this signal is
. = 2sinkw,T
X(jo)=» —L§(o k).
k=—=
o)
o
|'I 1'|
r !
2, \ 2
i i
JI 1|.
e JI 1" 2T~
TR, -~ -* " . II: - +- T P
~.¥.- \ l S —uwyg wg l J ¥ w

Figure : Fourier transform of a symmetric periodic square wave

Example:
The Fourier transforms for x (t ) = sin wot and x(t ) = coswot are shown in the figure below



s 2

~ g
0 w
.y (a)
Kjoo)
—nr ™
T |
— 0 wo ©

(b)

Fourier transforms of (a) x(f) = sin wyt: (b) X(1) = coS wyt.

Example: Calculate the Fourier transform for signal

x(t) = Zaqf—kr).

The Fourier series of this signal is
d, = 1 i_f _15 E,—jmur —

The Fourier transform is

Jml——zﬁ

The Fourier transform of a periodic impulse train in the time domain with period T is a periodic
impulse train in the frequency domain with period 2I1 /T , as sketched din the figure below.



x{t)

=271 -7 0 T 2T t

(a)

M (jun)
2w
‘ ’ T ‘ l
_dw _2xn 0 2n 4n L

T T T T

13]]

{a) Periodic impulse train; {b) its Fourier transform.

2.7 Properties of The Continuous-Time Fourier Transform

2.7.1 Linearity
If x(t)«—— X(j@) and y(t)¢—>Y(jm)
Then
ax(t) +by(t) «——aX(jo)+bY(jo)

2.7.2 Time Shifting

If x(£)e=Ls X(jw)
Then
x(t—t)——>e " X(jo)
Or

F{x(f —fﬂ.)} _ e—jman(jm) — |X(jm)‘ej[ﬁ{jm}—mr“]l

Thus, the effect of a time shift on a signal is to introduce into its transform a phase shift, namely,
-mot .

Example: To evaluate the Fourier transform of the signal x(t) shown in the figure below.



x(r)

1.5
il
[ 1 ;
1 2 3 4
x,(t) x, (¢)
1 10—
t [ t
3 3 1 |
2 2 2 2

The signal x(t) can be expressed as the linear combination
1
x(t)= EI’“ -2.5)+ x,(t - 2.5).
x 1(t) and x2( t) are rectangular pulse signals and their Fourier transforms are

_2sin(@/2) _  2sin(3w/2)

X,(jo) nd X,(jm)
Using the linearity and time-shifting properties of the Fourier transform yields

X{_}m] =E'_"Iim 2

sin(@ / 2) + Esin(h.-"l}}
(1)

2.7.3 Conjugation and Conjugate Symmetry
If x(f) "> X(jo)

Then

x*() > X *(—jo)
X*(jw) = [j x[a‘]e'j‘"‘da‘}i = j1 *(Ne’“dt ,

Replacing o by - , we see that

X*(—jo)= [ x*(t)e ™ dr.



Since X *(jow)= qu(f}f"'”"df} = J_qx *(ne'™dt,
Replacing @ by —@ , we see that

X*—-jow)= j__:x* (t)e " ™dt,
The right-hand side is the Fourier transform of x * (t).

If x(t) is real, from Equation we can get
X(—jo)=X"*(jw).
We can also prove that if x(t) is both real and even, then X( jw) will also be real and even.

Similarly, if x(t) is both real and odd, then X( jw) will also be purely imaginary and odd.

A real function x(t) can be expressed in terms of the sum of an even function xe(t) =
Ev{x(t)}and an odd function X, (t) = Od{x(t)}. That is

x(t)=x_(t) +x_(t)
Form the Linearity property,
Fix(n)f= Fix.(0)}+ Fix, (0}

From the preceding discussion, F{Xe(t)} is real function and F{xo(t)} is purely imaginary. Thus
we conclude with x(t) real,

x(t) = X(jm)
Evix(f)} e« RelX (o)}
Od {x(1)} e~ jIm{X (o))

Example: Using the symmetry properties of the Fourier transform and the result

1
a+ ja

e u(t) e«

to evaluate the Fourier transform of the signal x(t)=e "  where a >0.

Since

e “u(t)+ e u(—t)
2

x(t) = e M= e ul(t)+e"u(—-t)= 2|: } = E.EP{E'_MH(E]}-.

So



A
X{jm]:ERe( L J= 2a
a+jo) a +@°

2.7.4 Differentiation and Integration
If x(1)«—"— X(jw)
Then

O £, jax(jo)
dt -

[ x(@)de s X(jo)+ X (0)5 (@)
) o

Example: Consider the Fourier transform of the unit step x(t) = u(t).

It is know that

2(t)=8(1)«"—1
Also note that
x(t) = [IT g(r)dr

The Fourier transform of this function is
_ 1 |
X(jo)=—+aG(0)o(w)=—+md(®).
Jm Ja
where G(0) = 1.

Example: Consider the Fourier transform of the function x(t) shown in the figure below.



dx(t)
dt

glt)=

From the above figure we can see that g(t) is the sum of a rectangular pulse and two impulses.

2sin® .
G(jm}:[ ”l: J—e’”—e

Note that G(0) = 0, using the integration property, we obtain

X{jm]zﬁ(m}+ﬂq{ﬂ]d( }_Eblnm Ewbm
J

Jo- jo

It can be found X( jw) is purely imaginary and odd, which is consistent with the fact that x(t)
is real and odd.

2.7.5 Time and Frequency Scaling

()= X(jo),

Then

1
Y(}

xlaf) - —
|a

From the equation we see that the signal is compressed in the time domain, the spectrum will
be extended in the frequency domain.

Conversely, if the signal is extended, the corresponding spectrum will be compressed.

If a = -1, we get from the above equation,
() > X(—jm).

That is, reversing a signal in time also reverses its Fourier transform.

2.7.6 Duality



The duality of the Fourier transform can be demonstrated using the following example.

1, t<T, 2sin@T,
x ()= — X (jo)=—
(1) 0. t>T, (o)
sinWT, 1, < W
x,(!}=bm Lt X, (jw) = lm| i
: o 0, @] > W
Ky (o)
%y (1)
1
_TI Tl
Xalt) Xoljeo)

The symmetry exhibited by these two examples extends to Fourier transform in general. For
any transform pair, there is a dual pair with the time and frequency variables interchanged.

Example: Consider using duality and the result

2
el s X(jw) = .
1+@°
to find the Fourier transform G( jw) of the signal

1+¢2

glt) =

that 1s,

Since e 1 «F X (jo) =

E_l'l:L [ ,]e”’""{a‘mﬁ
2=\ 1+m"



Multiplying this equation by 21T and replacing t by - t , we have

= b .
Eﬁe_lrl :_[ [ — Je"'"'a’m
=\ 1+@"

Interchanging the names of the variables t and ® , we find that

2 ) 2 ) ,
e —I [ — Je’""'”ﬂfm = F"[;.,J =2
1+¢ 1+¢°
Based on the duality property we can get some other properties of Fourier transform:

dX (jo)
do

— jix (1)«

e x(1) = X(j(@ ~ @,))

1 e
- Ex(r) +m(0)8 (1)« x(m)dn

2.7.7 Parseval’s Relation
If x(1)e—"— X(jw),

We have

| x@fde = r X(jo)| do

Parseval’s relation states that the total energy may be determined either by computing the
energy per unit time 2 x(t) and integrating over all time or by computing the energy per unit
frequency |X(jw) |* /211 and integrating over all frequencies. For this reason, 2 X (jw) is
often referred to as the energy-density spectrum.

2.8 The convolution properties
y(t) = h(t)*x(t)«——Y(jo)= H(jo)X(jo)

The equation shows that the Fourier transform maps the convolution of two signals into product
of their Fourier transforms.



H( jw), the transform of the impulse response, is the frequency response of the LTI system,
which also completely characterizes an LTI system.

Example: The frequency response of a differentiator.

_dx(r)
dt

»(r)

From the differentiation property,
Y(jo)=joX(jo),

The frequency response of the differentiator is

Y(jo

Hiiq =
Vo) = Yo

)=j@
Example: Consider an integrator specified by the equation:

yit) = _[_ x(t)dr.

The impulse response of an integrator is the unit step, and therefore the frequency response of
the system:

H(jo)= L + Td (@) .
Jo

So we have
Y(jo) = H(jo)X(jo) = ;Lm X(jo)+ X (0)5 (@).
which is consistent with the integration property.
Example: Consider the response of an LTI system with impulse response
hit)=e " u(r). a =0

to the input signal

x(t)=¢e "u(t), b=0

To calculate the Fourier transforms of the two functions:



X(jw) = . and
b+ jm
H(jw)= —.
a+ jo
Therefore,
. |
Yjo)=

(a+ jo )b+ jo)

using partial fraction expansion (assuming a # b ), we have

0=~ ru-e o)

b—-a

The inverse transform for each of the two terms can be written directly. Using the linearity
property, we have

ﬂn=bl leutt) - e u(o)].

We should note that when a = b, the above partial fraction expansion is not valid. However,
with a =b, we have

Y(jo)=

5 %

(a+ jo)

Considering ; = j’i l , and
{‘-‘“’.fﬂ’}_ do|a+ jo

e u(t)«——

— , and
a+ jw

- F x ﬂr ]'
te u(t)ye— j— — |,
do| a+ jo

s0 we have

Y(£) = te ™ ulr).



2.9 The Multiplication Property

r(0) = ()P0 > R() ==~ [ "S(j0)P(j(@~-0))d6

Multiplication of one signal by another can be thought of as one signal to scale or modulate the
amplitude of the other, and consequently, the multiplication of two signals is often referred to
as amplitude modulation.

Example: Let s(t) be a signal whose spectrum S( jw) is depicted in the figure below.

Siju)
A

iy 1:|:I-| [11)

(a)

Also consider the signal

plty=cosayt ,
then
P(jo)=md(0-o,) +76 (0 +a,).

The spectrum of r(t) = s(t) p(t) is obtained by using the multiplication property,

RGj@) =5~ S(j@)P(@-0)d6

k]

| B |
= Es(.fm _mn:'""il“.;’m +@)

which is sketched in the figure below.

R} = i (S + Prus]

1/'\% A

w | iy w
uig w g —ag) (g + ) foagy = amq) oy + 0y
{b) (e

P{jaw)

— =

—




From the figure we can see that the signal is preserved although the information has been
shifted to higher frequencies. This forms the basic for sinusoidal amplitude modulation systems

for communications.
Example: If we perform the following multiplication using the signal r(t) obtained in the
preceding example and p (t)= coswot ,

that is,

g(t) = r(t) p(t)
The spectrum of P( jw), R( jw) and G( jw) are plotted in the figure below

i " Piju) -
}l A
/J-\ A
_"'"ﬂ {a} u.'lU LT} — g u,ﬂ o
{b)
Gijw)
A4 j‘ﬁ AJ4
r"'/l-\-\ f"‘/l\'-\
—2ug —tiyy iy 2y
{c)

If we use a lowpass filter with frequency response H( jw) that is constant at low frequencies
and zero at high frequencies, then the output will be a scaled replica of S( jw). Then the output

will be scaled version of s(t)- the modulated signal is recovered.

2.10 Summary of Fourier Transform Properties and Basic Fourier Transform Pairs



PROPERTIES OF THE FOURIER TRANSFORM

Property Aperiodic signal Fourier transform
() X jow)
wir} Yijw)
Linearity ax(n + byir) aX(jw) + bY{jw)
Time Shifting x{t — 1) e "X jw)
Frequency Shifting e i f) X(jlw — wo))
Conjugation XN X'~ je)
Time Reversal x(—t) Xi{— jw)
Time and Frequency xlat) iX (E)
Scaling lal™ @

Convolution x(t) # vir) X{jo)¥(je)
Multiplication W) = I+Tlf{jﬂ}}‘{‘i(m — &)do
Differentiation in Time %x{r} jmi’ (jaw}
Integration J x(rhdt j_LmX{ Jw) + wX (06w

. o Y

Differentiation in txif) J d—X [ few)
Frequency w
Xijw) = X' (- jw)
RelX(jw)t = RelX(— juw)}
Conjugate Symmetry ~ x(f) real I X (jw)} = —Im{X(— jw)}
for Real Siguals X(jw) = [X(~ jo)

Symmetry for Real and
Even Signals

Symmetry for Real and
Odd Signals

Even-Odd Decompo-
sition for Real Sig-
nals

x(t) real and even
x(1) real and odd

xe(t) = Ev{x(n)}
x,08) = Qd{x(n)}

Lx(1) real]
[x(r) real]

TX(juw) = —LX(~ jw)
X(jw) real and even

X(jw) purely imaginary and odd

Re{X(jw)}
JIm{ X (e )}

Parseval's Relation for Aperiodic Signals
Jw |x(e)dt = %

[ |X( jew )P dew




Tables of Fourier Properties and of Basic Fourier Transform Pairs

BASIC FOURIER TRANSFORM PAIRS

Fourier series coefficients
Signal Fourier transform {if periodic)
+T o
z ay el 2 Z ayfilw — kiwg) Fi
hm—e hm—
& = |
jangt -
£ 2rdlo — wa) ay =0, olwcwiss
|
g = ) = 3
B — Biw + s
COS gl 8w — wg) + Hlw + an)] @ =0 otherwise
sin gt LA 7T TR T Y i
J: ag = D. otherwise
g =1, ap =10, k=10
=1 2 Blm) this is the Foorier series representation for
any choice of T = 0
Periodic square wave
el W<T = 2 gim kasoT, T kuoT: _ sin kweT
X - T sm nl aply nd1h _ 1
0 Ti<ll=: > = 8w k) T"“"(‘T}‘ T
and Lt
xit +T) = xin)
= 2 = 2k 1
_ =0 - = — forall k
"z_a{: aT) - hz_a(m T ] a =5
1, =T 2sinwT;
"“}Iu. > w
in W . 1, = W
sin Wi Xijw) = [ | .
i 0 |lwl=w
iy 1 —
s L + W) o
uir) e (oo
&t — ) Lt o
1
—af f—
e " u(r), Mefa) = 0 ot e
1
w —
te “uit), Hela) = 0 {—a o
e €, 1 .
Hefa) =0 {a + jw)®

dt*

i,
]

k= k=l

System Characterized by Linear Constant-Coefficient Differential Equations An LTI system
described by the following differential equation:

N k_, M k
d'y0) ¢, d'x0)

dt"

which is commonly referred to as an Nth-order differential equation.



The frequency response of this LTI system

_ Y(jo)

He
(je) X(jo)

L]

where X( jw), Y( jw) and H( jw) are the Fourier transforms of the input x(t), output y(t) and
the impulse response h(t), respectively.

Applying Fourier transform to both sides, we have

T‘“ d* (1) TM d*:ﬁif}[
.II g =1
{"—‘ odet } {"—'b* df J :

k=0 k=0

From the linearity property, the expression can be written as

= d* v(t) RS d"x(1)
ZatF{—m& }_thF{ — }

k=0 &=l

From the differentiation property,

< . P gny: : . Yjo) z:iclb* (--'im}t
a,(jo) Y(jo)=Y b (jo) X(jo) = H(jo)= —— =&
; : j ; J J o) =305 S o)

H( jw) is a rational function, that is, it is a ratio of polynomials in ( jw).

Example: Consider a stable LTI system characterized by the differential equation
ot
? +ay(t)=x(t), with a =0.
[}

The frequency response is

H(jw)=

jo+a
The impulse response of this system is then recognized as
hit)=e " u(r).

Example: Consider a stable LTI system that is characterized by the differential equation

d*¥(t) dv(t) L dx(r)
o +4 ” HH"]_T; + 2x(1).



The frequency response of this system is

(jo)+2 . jo+2
(jo)' +4(jo)+3 (jo +1)jo+3)

H(jm) =

Then, using the method of partial-fraction expansion, we find that

1/2 1/2
+

H(jw) =~ - :
jo+l jo+3

The inverse Fourier transform of each term can be recognized as
hit)= : e 'ult) + l e ult
=3¢ Mg o,
Example: Consider a system with frequency response of

jo+2
(jo+1)jo +3)

H(jw) =

and suppose that the input to the system is
x(t)=e"u(t),

find the output response.

The output in the frequency domain is give as

o [ o2 L |- Jot2
1‘Uﬂ”—HU“‘}XUE‘”‘[UW,1}{.;m+3}}{fm+l} (jor +1) (jw +3))

Using partial-fraction expansion, we have

1/4 1/2 1/4
. + 2 + - 3
jo+l (jo+1)Y (jo+3))

Y(jw)=

By inspection, we get directly the inverse Fourier transform:

h(z) =H€"’ +%re" - %e‘“ }f{r}.



SUMMARY

A function is said to be periodic with period T if f(t + T) = f(t) for all t and the smallest such
positive number T is called the period.

The Fourier series representation of f(x) defined on [0, 27t], when it exists, is given by equation

with Fourier coefficients

iy =

1
—[ flx)ecosnxdy, n=0,12...,
i
1
by = ;[ flx)sinnxdx, n=12,....

Ll

2 ) ’ J_zﬂnj 2T i b si 4
I; fﬁ_x];x—jl; E{x—fn Z[ﬂ”cmnx— wsinnx| dx.

n=1

If one integrates an even function over a symmetric interval, then one has that
" faydx=2 [ f(x)dr.
_nf[r:l x fn Flx)dx

Fourier Series on [0, L]

nmx . 2HTXx

a =]
0 + b, sin

f3) ~ 3+ 1 oncos

n=1

2 L 217
fn = EL flx)cos L n=~0,1.2,...,
2 gL 2nm
by = Et.; flx)sin 1T n=12,....
Fourier Series on [— %, %]

2nTx

i = nm
flx) ~ Fﬂ + E [n” cos HL L4 b, sin
n=1

L
2 7z 2nm
—fl_f[x}mﬁ- T dx. n=1012,...,

Lf f(x)sin

Fourier Series on i— T, ?ri

in

En‘rt

by n=12,....

oo
flx) ~ HED + Z [:’!" cosnx + by sinnx|.

n=1

g = xjcosnydy. n=0,12...,

)sinnxdx. n=12,....



Over any period, x(t) must be absolutely integrable, that is

J: |.T{I }|a’: < oo,

In any finite interval of time, x(t) have a finite number of maxima and minima.
In any finite interval of time, there are only a finite number of discontinuities.

The Fourier transform can be plotted in terms of the magnitude and phase, as

_ 1 . L @
X (jo) = —. ZX(jw)=—1tan [—J .
| va' +o’ a
The impulse has a Fourier transform consisting of equal contributions at all frequencies.

The Fourier series representation of the signal x(t) is
x(t) = z.s:_,re"h""" .
k=—o

It’s Fourier transform is
X(jo)="> 2ra,6(0 ko).
k=—x=
The Fourier transform of a periodic impulse train in the time domain with period T is a

periodic impulse train in the frequency domain with period 21T /T ,

Different properties of Fourier transforms are Linearity, Time Shifting, Conjugation and
Conjugate Symmetry, Differentiation and Integration, Time and Frequency Scaling, Duality,
Parseval’s Relation, convolution properties, Multiplication Property

Question:

Q1) Explain Trigonometric Fourier Series with example.
Q2) Explain Exponential Fourier Series with example.
Q3) Explain Convergence Of Fourier Transform.

Q4) Explain Fourier Transform For Periodic Signals

Q5) Explain Properties of Fourier Transform .

Q6) Explain Convolution properties of Fourier Transform.

Q7) Explain Multiplication properties of Fourier Transform.
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3.0 OBJECTIVES

e Understand Laplace transform of basic signals.
e To understand and apply properties of Laplace transform.
e To understand and apply unilateral Laplace transforms.

3.1 INTRODUCTION

Laplace transform represents continuous time signals in terms of complex exponentials i.e.
e —st
Continuous time systems are also analyzed more effectively using Laplace transform.
Laplace transform can be applied to the analysis of unstable systems also.
Types of Laplace Transform
i) Bilateral or two sided Laplace transform
i1) Unilateral or one sided Laplace transform
3.2 Definition of Laplace Transform

X@)= 7 x() e dt
Here the independent variable ‘s’ is compleXx in nature and it is given as

s=0+jo
Here o is real part of ‘s’ It is called attenuation constant.
jo is the imaginary part of ‘s’ and it is called complex frequency.
The Laplace transform pair x(t) and X(s) is represented as,
X(t) <> X(s)

The unilateral Laplace transform is given as

X(s)= ;" x(®) e dt
Laplace transform is mainly used for causal signals.
The Inverse Laplace transform is given as

o+joo

X(t) = — [y X(s) et dt

2mj

3.3 Convergence of Laplace Transform
We know that Laplace Transform is basically the Fourier transform of x(t) e™" .

If Fourier transform of x(t) e exists , then Laplace transform of x(t) exits.



For the Fourier transform to exists , x(t) e must be absolutely integrable.
2 1x(H e—ot||dt < o

The range of values of 6 for which Laplace transform converges is called region of convergence
or ROC.

Example 3.1:- Calculate the Laplace transform of following functions and plot their ROC
i) x(t)= e u(t)
Solution:-
i) x(t) = e u(t)
f e® u(t) e dt

-—o0

X(s)
= ]-oem e'“ dl,
0

oy -(s—a)f o e-(s—a)t . e-(S'R)f
T —(s—a)t = |€ =% bR e SO
- ’('; e =)t g¢ [—(S_a)]() ,li,r.f,‘o {—(s—a)} e-lir(‘){—-(s-a)

e—(s-a)t e :
1 = = 0 f 5= a) > 0
o [4s—a) ey ~ 040

2 1
X(s) = 0—[—6 :l for (s—a)>0 = oy for s > a.

~(-9)
St ] |
LGS T ROC:s>a |
: ]('0 e g
+—p—t—— 1 8>
3 g
| L
_‘:T* ¥ = - :‘ :
| .
----- W

The shaded area is called Region of convergence
Since Re(s) is real part of ‘s’ i.e. 5.

Hence ROC : 6 > a or Re(s) >a



i) X(t) = -e** u(-t)

Solution

0 S AN } E!ﬂ' \
_J' —e® et dt, Since

The shaded region shows ROC of s< a
Thus,

Example 3.2 Determine the Laplace transform of
i) X1(t) = e 2tu(t) — e?* u(-t)

Solution:



HMuly Ly 1 , ROC:s>a
s—a

witha=-2; Beat u(t) LT . ROC :5>-2

s+2°
And - u-) £ ! , ROC :s<a
S—4a
withag = 2 ; —eztu(—t) <;r-)~12, ROC :s5<2
From above result Laplace transform of x(t) will be
X(5)=— + 1, ROC 55-2 “and¥<2
S+2. §—=2 ;

or =D < shi2

The figure shows ROC of -2 <s< 2

e
N |
s
- -
- 12. | G
i ‘ 3 ]
| e, x|
g {1 |
i) X2(t) =3 e 2u(t) — et u(t)
Solution:
We have e u(t) = —1" - ROC “5>4
88—

Withg = -2 ; 3¢ u(t) <—-—>\—3—2, ROC :s>-2
Withg = - 1 . 2¢t u(t) (__{.._;.%1 BROC 5>

Therefore Laplace transform of x»(t) become

3
X (5) = S10 0 s+]

ROC:s >-2 ands> -1



-
o —
e et v

I's

batraresee
e
o

o

Both the terms of converge for ROC of s > -1 .Hence ROC of Laplace transform will be s >-1

3.4 Properties of ROC

1. No poles lie in ROC.

2. ROC of the causal signal is right hand sided. It is of the form Re(s) > a.
3. ROC of the noncausal signal is left hand sided. It is of the form Re(s) < a.

4. The system is stable if its ROC includes jo axis of s-plane.

3.5 Properties of Laplace Transform

For all the properties we have,

L
1(® = Xi(s), ROC : R; and X,(t) < X,(s), ROC : R,

3.5.1 Linearity

Statement: Laplace transform follows superposition principle ,i.e. it is linear

J’[al x1 (t)+a2 x5 (t)] = a1 X1 (s)+a, X, (s)

Proof:



—

,,['[alxl(t)+a2 XZ(I)] ]: [alxl (t)*l-azxz(t)]e—sf dt

=

ay [ xi(t)e™ dt+a, [ xa@etat

oo —co

111X1(5)+{12X2(S) ROC 3RlﬁR2
Here ROC : R: ~ R; indicates the intersection of R; and R
3.5.2 Time Shifting (Translation in Time Domain)

Statement: A time shift in the signal introduces frequency shift in frequency domain.
[ ST R ‘]
L L [x(t-tg)]=e 0 X(s) ROC:R i

Proof:

oo

Lx(t-tg)] = [ x(t-to) e dt

By substituting in above equation we have

T x('c) e-s(r+fo) drt = T x(‘r) e=5T et dr = e—sto I x(‘l:) eStdt

-0
O -0 . e

X(s)

L [x(t-to)]

= ¢ %0 X(s) , ROC: R

3.5.3 Shifting in s- Domain (Complex Translation)

Statement: A shift in the frequency domain is equivalent to multiplying the time domain signal
by complex exponential.

£[e*0t x(t)] = X(s-s0) » ROC: R +Re(50)

Proof:

o0
o0

j e50t x(f)e™! dt = I x() o~ (5=50) gy

— o0

L]0t x(0)]

-0

X (s-sg) with ROC : R+Re(so)



3.5.4 Time Scaling
Statement: Expansion in time domain is equivalent to compression in frequency domain and
vice versa

L{x(at)] = of x(at) € 4t

ROC : %
a
Proof:
(=)

1 I .’L'('C) L’FL 4) dt
a

-0

oo

SR S
Lx(at)] = j glx)e s = ars

- o

- R
=1Xi?} ROC : —
a a

Similar procedure can be repeated for Laplace transform of x(-at) . We get

-a

L[x(=at)] = ;x{ 3 ], ROC : 1

The above equations can be combined as follows:

Lx(at)] = ﬁx(iJ , ROC:

As a special case with a= -1 we have
x(—t) «= 5 X(-s) , ROC:R

This result shows that inverting the time axis inverts frequency axis as well as ROC.

3.5.5 Differentiation in Time Domain

Statement: Differentiation in time domain adds a zero to the system.
% x(t) ey sX(s), ROC:R

Proof:



x(t) = __.1_. 0’;"J!mX(s) ¢St ds
Sa s 2n) J

o_

Differentiate both sides of above equation with respect to ‘t’ i.e.

For multiple order derivative

3.5.6 Differentiation in s- Domain

Statement: Differentiation in s-domain corresponds to multiplying the time domain sequence
by -t

Proof:

o

g [ 0g0e

-0

Differentiating above equation with respect to ‘s’

3 1 B o
- N
o M 1"

dx) = [ xOCnea =

-0

- —4x() et % X(s)

For multiple order differentiation in s-domain,

3.5.7 Convolution in Time Domain



Statement: The Laplace transform of convolution of two functions is equivalent to
multiplication of their Laplace transforms.

ROC : containing R: ~ R

Proof:

o0

nO 50 = | n@RE-0%F

Taking Laplace transform of both the sides,

L (t)*xp (1)) = ]g ]f x1 () xp (t=7) AT e~ dt

-— 00 -0

Changing the order of integration,

oo oo

Lxy ()*xp (B)] = J' x; (t)dt ]' X, (=) e dt

_— -—0

I x1(t)dt J' xy (h) eS ) gy,

-0 - oo

Il

s L () x2 (B)]

T xp(t)dr I Xz (M) e"h . e=ST ) = Tx-l('c)e‘“dti‘

—ca - iy

Xals) L

= X1(s) X2(s) » ROC : R;nR,

3.5.8 Integration in Time domain

Statement: Time domain integration adds a pole to the system.
[fox@dr €> X2 ROC:R~[Re(s) >0]
Proof:

©o

(B *ut) = [ ut-tyx(r)dz

- 00



Hence above equation becomes

X(B)*u(t) = f L x(1) dt = J{x(t) dt
f x(t)dt = x(f)*u(t)

Taking Laplace transform of both sides,

- w a

t
L J' x(t)drp = L{x(B)*u(t)} xt) «L 5 X(s) and u(t) eiaé

= X(9) % , By convolution property
= i(?, ROC : RN [Re(s)>0]

For multiple order of integration,

j j j'x(t)dtldtz ap e =6

3.5.9 Integration in s- Domain

Statement:

Frequency domain integration corresponds to dividing the time domain signal by t

(t) ,z'

j X(s)ds . ROC R!:;}ﬁ

Proof:

S S -co



Changing the order of integration and rearranging the terms,

3.6 Examples of Laplace Transform
Example 3.3 : Obtain the Laplace transform and ROC of following signals :
i) X(t) = u(t)

Solution:

Heree s**=¢™*=0

If s > 0. Then above equation will be,




ROC

Thus

ii) x(t) = 5(t)

Solution:
L@ = [d@etat
Here use,

f S(t—tg) x(f) dt = x(tg)

With to =0, the above equation becomes
e 0o
5] = ¢ =1.

This is convergent for all values of s.

iii) x(6)= r(t)

Solution :



By differentiation in s-domain property,



—fxy () e‘iegs—,xl(S)

d 1
R ds E?E
AR ROC Re(s) orc>-a
(S +a) '
Similarly,
d 1
“flte % u(h) NALE S e Sl
% —at L 1
—e u(t) ¢ >
- (s+a)3
tn—-l =i o l
e u(t) «e——
(n-1)! ® (s +a)"

Example 3.4: Obtain the Laplace transform of following signals :
i) x(t)=Asin oot

Solution :

X(s) = [ A sin ogt u(®) ¢St dt

: : b

o0 ~ —]u)of 5 > 3 0 e] =
i t." u(t) e~ dt, since sinf = _T]_

2j

—_—0

o ok T efo0 y(t) e~ dt - | e~ /90 u(f) e dt}

—c0 —00
-

= 2 [« [e70 up)]- L1e70 u(p) ]

We know that ,



The above equation can be written as ,

A 1 1
X(’_) {
RS 2 s—jm S+ 0
h_‘ } ] 0 ) 0

Here s > jo can be written as 6+ jo > 0 +jo , hence 6 >0 .

Therefore ROC will be Re(s) or ¢ >0.

AR

ii) x(t) = A cos @ot u(t)

Solution:

X(s)

‘; ['f e u(f) e dt +‘f efr;

Il
S
r-’H
~
T
[
=
s
pRsE:
| W)
+

\‘nﬁ"izl’ a; A.s 'li.f:O-‘; .ﬁg ‘. ’
B _ | :
i':‘ S +mo .‘-“’: 4

Therefore,



3.7 Unilateral Laplace Transform

The unilateral Laplace transform is given as ,
X(s) = J,_ x(t) et dt
The lower limit is taken as 0" to indicate that initial conditions at t=0 are also considered.

Note that unilateral Laplace transform will be always convergent since ROC will be always
R.H.S. of S-plane.

3.7.1 Differentiation in Time Domain
Let x(t) €-> X(S) Laplace transform pair
Then,

ZB &> sX(s)-x(0)
Here x(0°) is value of x(t) at t=0". It is initial value of x(t).
Proof :
By definition of Laplace transform,

J’[%' x(t)] = f % x(t) et dt

Integrating above equation by parts,

~— ~

o

2] = [0l - [ 70 9t ~[TO) o] 20 G

0-

The integration term in above equation is Laplace transform of x(t) .

Hence,

""L% wa = [t 2] #sX ()= [ x(=)-¢" x(07) ]+5 X(9)

We know that e *= 0 and e° =1. Hence the above equation becomes,
|

J[gt-x(:)J = 0-x(0-)+s X(s) e Li;[ Xt |= s X (s)-x(0-)

This property can be further expanded for multiple differentiations as follows:



g x (1) = 3 s" X (s d"! e
g s) dT,,'_T\()t : & (t)
= t=0-
o n-2 £I_ n-1
s 0 e x(0)

3.7.2 Initial Value Theorem
Let x(t) €-> X(S) Laplace transform pair

Then initial value of x(t) is given as

T x(04) = Bim ()= lim [sX(s)]

5300

Provided that the first derivatives of x(t) should be Laplace transformable.

Proof: From the differentiation property of Laplace transform we know that,
| d ;
of [ - x(t)-l = sX(s)-x(0-)
dt |
Let us take limit of the above equation as s>« i.e.,

lim . [-:t x(!):| = Slix:; {sX(s)-x(0-)}

S0

Consider L.H.S of above equation i.e.,

lim £ (‘—il(r) = lim J a x(f)e " dt = 0, since lim et dt=0
e ]_df 3-do0 0 dt Stoo

[

Therefore above equation becomes

0 = lim {sX(s)-x(0-)}= lim [sX(5)}-x(0-)
Z(0=]= i [sX(s)]

x(0") indicates the value of x(t) just before t=0 and x(0+) indicates value of x(t) just after t=0 .

If the function x(t) is continuous at t=0, then its value just before and after t=0 will be same
i.e.,

B



x(0 +) = x(0-) for x(t) continuous at t = 0.
x(0+) = lim [sX(s)]

This equation is used to determine the initial value of x(t) and its derivative.
3.7.3 Final VValue Theorem
Let x(t) €-> X(S) Laplace transform pair

Then initial value of x(t) is given as

lim x(t) = lim [sX(s)]
f—o0 s—0

Proof : From differentiation property we know that,
d * B
L] Zx() | = sX(5)=%(0)

Let us take limit of above equation as s=>0, i.e.

}li(; "” Li:t \(f)} = ll—r)l(l) {sX(s)-x(0-)}= 121(1) X (s)}-x(0-)

Consider L.H.S of above equation,

e

. 1 d -] : A L fald ' . li -st _q
hm £ | ==% - o S | £ x(f) dt, since um € -
1 i x(t) lim J () e dt (;[_ 0t (f)

‘ x :
s—0 J so0 g di S

r—

= BOE = lim x)-x(0-)

Hence equation can be written as

lim x(f)—x(0-) lir)[) [sX(s)]-x(0-)
f—co s—0
lim x(f) = lim [sX(s)]

I -9 S— >()

Il

Application of Initial and Final VValue Theorem

The initial voltage on the capacitor or current through an indicator can be evaluated with the
help of initial value theorem.



The final charging voltage on capacitor or saturating currents through an inductor can be
evaluated with the help of final value theorem.

Example 3.5: Find f() final value of function whose Laplace transform is given by
-5 _ 1
F(S)_ s s-4
Solution:

Final value is given as,

lim L ot lim S5 il [5___]
o A (t) = s F(s) = 8| ——— 73
/(=) t—>oof‘ 4 s—>05 %) s—aOs[ —4J 5 o4

=N s
g bm &

s—0s-4

Example 3.6: Use the s- domain shift property and Fourier transform pair

TR u(t) (-—"[-—) -—l—
s+a

To derive the unilateral Laplace transform of x(t) = e u(t) cos wat u(t)

Solution:
, elott +ejott
x(t) = e cos (o) u(t)=e" : = (t)
£ 1 jogt ,—at —joyt ,—at Il(f)
= E{e € u(t) +e ¢ }
e"” ll(t) (._—“(‘—) _1 =
s+a
Here
—at Ty 1
e " u(t) e—— ——
s+a
By shifting in s-domain property,
L [e°08 x(t)] = X(s-50)

1 1 st+a

ke {(s—jw)+a+(s+jw)+a,; (s +a)2 + 02

Example 3.7 : Determine initial and final values of signal x(t) whose unilateral Laplace
transform :



7s +_1£)_
X ) =S 5+10)

Solution:

Initial value is given by,

10
7S+]0 1i S =
s e s = him ——
x(0+) = sl_li?o 245 -51_1210 g+10 - goree 'l+1—9
Final value is given as,
BRI
lim x() = lim sX(s) =5]_1_I)2 5+10

t—yeo F i

SUMMARY
Laplace transform represents continuous time signals in terms of complex exponentials i.e.
e —st
Continuous time systems are also analyzed more effectively using Laplace transform.
Laplace transform can be applied to the analysis of unstable systems also.

X@)= [0 x() e dt
Here the independent variable ‘s’ is complex in nature and it is given as

s=oc+jo

Here o is real part of ‘s’ It is called attenuation constant.
jo is the imaginary part of ‘s’ and it is called complex frequency.
Types of Laplace Transform i) Bilateral or two sided Laplace transform
ii) Unilateral or one sided Laplace transform

The Inverse Laplace transform is given as

x(t) =— [ x(s) e dt

2mj Jo—joo
If Fourier transform of x(t) e exists , then Laplace transform of x(t) exits.

For the Fourier transform to exists , x(t) e must be absolutely integrable.

[ 1x(®e—ot][dt < o



The range of values of 6 for which Laplace transform converges is called region of convergence
or ROC.

No poles lie in ROC.

ROC of the causal signal is right hand sided. It is of the form Re(s) > a.
ROC of the noncausal signal is left hand sided. It is of the form Re(s) < a.
The system is stable if its ROC includes jo axis of s-plane.

Properties of Laplace Transform are Linearity, Time Shifting, Shifting in s- Domain, Time
Scaling, Differentiation in Time Domain, Differentiation in s- Domain, Convolution in Time

Domain, Integration in Time domain, and Integration in s- Domain.

The unilateral Laplace transform is given as ,
X(s) = J,_ x(t) et dt
The lower limit is taken as 0" to indicate that initial conditions at t=0 are also considered.

Note that unilateral Laplace transform will be always convergent since ROC will be always
R.H.S. of S-plane.

Questions:
1) Calculate Laplace transform of e u(t).
[Ans. ﬁ ,ROC:s>-a]
2) Calculate Laplace transform of - u(t).
[Ans. ﬁ ,ROC:s>-a]
3) Calculate Laplace transform of -e3t u(-t).
[Ans. - —  ROC: s> -3]
4) Obtain Laplace transform of the following signals.
i. Xx(t) =sin (3t) u(t)
i, x()=eZu(t+1)

5) Find the Laplace transform of the following with ROC:

i.  XxX({t)=u(t-5)
i, x(t)=eu(t+3)

6) State and prove initial value theorem of Laplace transforms.
7) State and prove final value theorem of Laplace transforms.
8) Explain properties of Laplace Transform.

9) State and prove Convolution in Time Domain property.



10) State and prove Integration in Time domain property.

11) State and prove Integration in s- Domain property.

Books

1. Digital Signal Processing by S. Salivahanan, C. Gnanapriya Second Edition, TMH
References

1. Digital Signal Processing by Sanjit K. Mitra, Third Edition, TMH

2. Signals and systems by A Anand Kumar (PHI) 2011

3. Signals and Systems by Alan V. Oppenheim and Alan S. Willsky with S. Hamid Nawab,
Second Edition, PHI (EEE)

4.Digital Signal Processing by Apte, Second Edition, Wiley India.



Unit 3 :
Chapter 4 : Z-transform
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4.2 Definition of z-transform
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4.4 Evaluation of the Inverse of z-transform
4.5 Summary
4.6 Exercise

4.7 List of References

4.0 OBJECTIVE

By the end of this chapter, student will be able to understand Z-transform as a tool for the
solution of linear constant difference equations. Also one can analyse discrete time systems in
the frequency domain.

4.1 INTRODUCTION

Z-transform simplies signal analysis by reducing the number of poles and zeros to a finite
number in z-plane. Z-transform has real and imaginary parts, whose plot is called Z-plane.

Z-transform maps(transforms) any point s = +o + jw in s-plane to a corresponding point
z(r|8) in the z-plane using the relationship :

z = eST, where T is the sampling period

The poles and zeros of discrete time system are plotted in the complex z-plane.

Figure 4.1 shows Mapping of s-plane into z-plane for z = /%7



é Re(s) / 1 % Re(2)
00,0
D e
\

Fig 4.1 Mapping of s-plane into z-plane for z = e/¥T

—jr

The stability of the system can be checked using pole-zero plot. Also z-transform can be used
to analyse discrete time systems for finding system transfer function and digital network
realisation.

4.2 Definition of Z-transform

The z-transform of a discrete time signal x(n) can be defined as :

o)

Zlx(n)] =X(2) = Z x(n)z™

n=-—oo
Where z is a complex variable. This equationis also called two sided z transform.

One sided z-transform is given as :

[ee)

Zlx(n)] =X(2) = Z x(n)z™

n=0
Inverse Z-transform
Inverse z-transform is defined as :
x(n) = Z71[X(2)]

Inverse z-transform is applied to recover original time domain discrete signal from ite
frequency domain signal.

Z-transform can be denoted as:

x(n) & X(2)



Or z-transform can also be denoted as:

X(2) = Z[x(n)]

4.2.1.1 Region of Convergence (ROC)

If the output signal magnitude of thedigital signal system, x(n) is to be finite, then the
magnitude of its z-transform must be finite. The Z values in the z-plane for which the
magnitude of X(z) is finite is called the Region of Convergence (ROC).

ROC for X(z) is the area outside the unit circle in the z-plane.

Z-transform of the unit step u(n) is X(z) = ;—1 which hasazeroatz =0 and poleatz =1
and the ROC is |z| > 1 extending to oo as shown in Fig 4.2

Unit circle

= Re(z)

Zeroatz=0 " Pole at z= 1

Fig 4.2 Pole-zero plot and ROC of the Unit-Step response u(n)

Properties of ROC :
1) ROC does not contain any poles
2) System stability can be checked with ROC
3) ROC also determines the types of sequence as
a) Causal or Non-causal signal

b) Finite or Infinite signal

Table 4.1) Finite Duration causal, anti-causal and two-sided signals with their ROCs.

| Finite Duration Signals and their ROCs




Table 4.2) Infinte Duration causal, anticausal and two-sided signals with their ROCs

Infinite Duration Signals and their ROCs

Causal




Anti-causal

[wo-sided

n<lzl<n

n
Table 4.3) Some z-transform pairs
Sl Signal Sequence Laplace z-transform ROC
x(t) x(n) Transform X(z)
X(s)
1. (1) 6(n) 1 All z-plane
2. §(t—k) Sn=1k) e ks 77k |z] >0, k>0
|z]| <0, k<O
3. u(t) u(n) 1 1z |z] > 1
s 1-z1 z-1
4. —u(-n—1) 1 1z lz| <1
s 1-z1 z-1
5 e ™ e 1 1 __*Z |z| > [e™?]
s+a 1-—e9zl z—e@

Example 4.1) Determine z-transform of following finite duration signals.
(4 2

(a) x(n) _{ ’ o1

(b) x(n) = {*, ?,

(©) x(n) =6(n)

3' 1' 3}

1 4 4
) ) TI

“}




(d) x(n) ={4' 2' 3' 1' 3}
Solution :
(a) x(n)={4,$, 3 1 0}
Taking z-transform,
X(z)=4z+2+3z 14224323
ROC entire plane except z = 0 and z = o
(b) x(n)={4,3, 1’4}};,0 2}
Taking z-transform,
X(z) =4z*+ 323+ 2>+ 4z  +4+ 2272
ROC entire plane except z = 0 and z = o
()  x(n) =486(n), hence X(z) = 1, ROC : Entire z-plane
@ xm=(" %% 7
since there is no bottom arrow, it is assumed to be below first element i.e. 4
X(z) =4z*+323+2z%>+ 4z  +4+ 2272

ROC entire plane exceptz = 0 and z = o

4.3 Properties of Z-transform

Table 4.4 shows some of the important properites of z-transform

Table 4.4) Z-tranform properties



5. No. Property or aperation Signal Z-fransform
Transformation xln) Xi(z)= z ximyz™"
n=0}
. l i =1
2 Inverse transformation 'r_T.l Xz d: X(z)
Zip-
i Linearity ay X () + ay x,y (1) a, X, (z) +a, X, (2)
4, Time reversal xi-n) Xz
5. Time shifting i) xim-k i) 7*X(z)
(i) xim+k) iy Xz
. Convolution xy [y *eyin) X, (z) Xi2)
7 Correlation U ¥ xnxy(n—10 R, o (=X X,
n=—m=
8. Scaling axin) X (a™'7)
. - _dX(2) ~dX(z)
9. Differentiation nx (n) z — T I——
10. Time differentiation xiny—xin-1) X@{d-7Y
11. Time integration Z_‘ULJ Jr{[;;:{__“' J
k=0 =1
PO lim xin) lim X(z)
12. Initial value theorem o} el
1 - lim x(n) i [ 2= -
i Final value theorem ey lim | — [X(z)
! b1 r

Example 4.2) Find z-tranform of the signal

x(n)=6n+1)+26(n—-1)

Solution :

Example 4.3) By applying time shifting property, determine the inverse z-transform of the

signal

Solution :

Taking z-transform of the given signal,

X(z)=Z[6(n+1)+26(n—1)]

Using linearity property,
X(2) =Z[6(n+ 1))+ 2Z[6(n—1)]

X(2)=z+2z71={", (T). !

Z—l

1-2z"1

X(z) =

(Ans)

By applying time shifting propery, we have k = 1 and x(n) = (2)"u(n)




Hence, x(n) = ()™ Du(n —1) (Ans)

Example 4.4) Determine the convolution of two sequences
x(n) ={2,0,1} and h(n) ={3,2,1,2}

Solution : Taking z-transorm of the two given signals x(n) and h(n),
X2z)=24+z? and H(EZ)=3+2z1+2z2+4+2z73
Y(z2)=X(2)H(z) = 2+2z2)(B+2z1+z7%2+2z73)

=(64+4z 142272 +423+3272+223+727%+2275)
=(6+4z71+5272+62z73+27*+2275)
Taking Inverse z-transform,

y(n)={?, 4 5 6 1 2} (Ans)

Initial Value Theorem

If x(n) is a causal sequence with z-transform X(z), the initial value can be
determined as :

x(0) = }li_r}%x(n) = |Zl|i£noo[X(Z)]

Final Value Theorem

If X(z) = Z[x(n)] and the poles of X(z) are all inside the unit circle, then
the final value of the sequence, x(oo) can be determined as :

limx(c0) = lim x (1 —z7 1) X(2)
n—oo |z|-1

if x(o0) exists

Example 4.5) Find Initial and final values of x(n) for X(z) =1+ 2z71 + 3272

Solution :

2 3
X(O) = lim [1+22_1 +3Z_2] =14+—4+—=1
|z]| >0 00 0

x(0) = lim [(1 - 27)(1 + 227 +3272)]



= lim[1+2z71+3272—-2"1-227%2—-3273]

|z|-1

= lim[14+2z1+2z7%2-32z73]

|z|-1

=1+1+1-3=0
(Ans)

4.4 Evaluation of Inverse Z-transform

Various methods are available to take Inverse Z-transform. We will use Partial Fraction
method for taking Inverse z-transform.

Example 4.6) Find Inverse z of the following :

—12 6

X(z) = —
@) =172, " Ta 3

Solution : Taking Inverse z-transform,

x(n) = [~12(—4)" — 6(—3)"Ju(n) (Ans)

Example 4.7) Find the signal x(n), whose z-transform is given as

1

X&) = ha=9
Solution :
1
X@) =g ha=z5
X(2) = a b

A+rz0  d=z70
Equating numerators,
l=a(l-zYH+b(1+2z71)
l=(a—az'+b+bz1)
l=a+b+bzt—az™?
1=(a+b)+(b—-—a)z?



Equating like terms,
(a+b) =1, (b—a)=0

Solving simultaneously,

I
a=7 =2

o

1 1
) )

XD =t as

Taking Inverse z-transform,

x(n) =[5 0m + 2 | uew

Example 4.8) Find x(n) for given X(Z)

2+3z71
(2) 5 1 1
O 14 2,-2_2,-3
1+4Z +8z 8Z

Solution : Writing denominator in terms of its factors,

2+ 3z71
X(z) = I I
A+zHA+5z7HA -7z
a b c
X(z) = —Nt +
(1+z71) (1+1Z—1) (1_12—1
2 4
2+3z71 8
a= - ——
1 _, 1 _, 5
(1 +7Z )(1—ZZ ) e
b= 2+3z71 8
= 7 =3
“1y(1 — = -1
1+z7HA -7z ey
B 2+3z71 _ 14
€= 1 1 15

=71 2,1
1+5z27H)A+5z )Z_1=4



8 8 14
) ® . G

X(z) = —
RECEED (143271 (1-327D)

Taking Inverse z-transform,

x(n) = Z71X(2)]

() = 8( D 8/ 1 "+14(1)"
xn) ==z (= +3(_2) 15\z) |40V
(Ans)
Example 4.9) Determine inverse z-transform of X(z) = (zi)z for ROC |z| > |a|
Solution : We will use Residue method.
2
Z
X(2) = a2
2 n+1
n-1 _ z n-1 _— Z
X(2)z =7 z Z—ay?

We note that, the pole isat z = a and order m = 2.

The Residue of X(z)z™ ! at z = a is calculated as :

Res - _ 2-1 , .
a [X(2)z" 1] = 2= zanz;l-{dZZ_l (z —pi)?X(2)z" 1},-0
d Zn+1
—(— (7 — )2
B {dz (z-a) (z - a)z}zza
d ZTL+1
= E }2=a

=n+1a"



Res

xm =Y " K@)

x(n) = (n+ 1)a™ u(n) since ROC |z| > |a]
(Ans)

45 SUMMARY

1) Z-transform is a powerful tool in digital signal analysis

2) Z-transform is used to analyze discrete-time systems for finding the transfer function,
stability and network realization of system

3) Z[x(n)] = ¥x-_ox(n)z™™, where z = e5T, T being smapling period

4) The Z values in the z-plane for which the magnitude of X (z) is finite is called the Region
of Convergence (ROC).

5) The stability of the system can be determined by using the location of poles of H(z)

6) Some of the important properties of x-transform are linearity, time reversal, time shifting,
time scling, differentiation, concoulution and correlation.

7) Inverse z-transform can be obtained by either of the methods : long division method,
partial fraction method or residue method

4.6 EXERCISE

1) Define z-transform

2) Explain shift property of z-transform
3) Explain what is discrete convolution
4) Explain inverse z-transform

5) Determine z-trasnform of u(n —5)

6) Determine the inverse z-transform of X(z) = ( L

1
e for |z <=

z%+z

7) Determine the causal signal x(n) having z-transform X(z) = HT
Z_E (Z_Z)

for |z| >%

4.7 LIST OF REFERENCES

1) Digital Signal Processing, S Salivahanan, TMH
2) Digital Signal Processing, Sanjit Mitra, TMH



3) Signals and Systems, A Anand Kumar, PHI
4) Digital Signal Processing, Apte, Wiley India



Unit4 :

Chapter 5 : Linear Time Invariant Systems

Unit Structure

5.0 Objective

5.1 Introduction

5.2 Properties of DSP System

5.3 Discrete Convolution

5.4 Solution of Linear constant coefficient Difference Equation

5.5 Frequency domain representation of Discrete Time Signals and Systems

5.6 Difference Equation and its relationship with System Functions, Impulse Response and
Frequency Response

5.7 Frequency Response
5.8 Summary
5.9 Exercise

5.10 List of References

5.0 OBJECTIVE

This chapter deals with Linear time invariant systems analysis using tool like z-transform.
Important methods like convolution, response to discrete systems by using standrd digital
inputs like impulse and unit step signals are discussed in detail. Concept of difference
equation is introduced for signal analysis.

5.1 INTRODUCTION

A typical Digital System has input x(n) and has an output y(n) as a response to input. The
sytem output depends on the input as well as on the system parameters. Some of the inputs
used to study digital systems are Impulse and Unit Step Signals, among others. Similarly the
Systems can also be classified as Liner Time Variant, Time Invariant and others.

5.2 PROPERTIES OF DSP SYSTEMS

Various system properties as discussed in this chapter are linearity, time invariance, causality
and stability.



Linearity
Flayx,(n) £ apx,(n)] = a1 F[x;(n)] + axF[x,(n)] = a1y, (n) + azy,(n)
Where F is an operator
Example 5.1) Check if the system F[x(n)] = 3 nx(n) + 4 islinear :

Solution :
Flx;(n) + x,(n)] = 3n [x;(n) + x,(n)] + 4
Flx;(m)] + Flx,(n)] = [3nx;(n) + 4] + [3nx,(n) + 4]

Since, F[x;(n) + x,(n)] # Flx;(n)] + F[x,(n)], the systemin non-linear.

Time Invariance

A system is said to be time-invariant if the relationship between the input and output does not
change with time.

If y(n) = F[x(n)], theny(n — k) = F[x(n — k)] = z7*F[x(n)]

z~¥ represents a single delay of k samples.

Example 5.2) Check if system y(n) = a n x(n) is time invariant or not
Solution :
Flx(n—k)]=anx(n—k)

The delayed repsonse is :

y(n—k)=a(m—k)[x(n-k)]
Since, F[x(n — k)] # y(n — k), the system is not time invariant. (Ans)

Causality

The systems in which changes in the output are only dependent on the changes in the present
and past values of the input and/or previous output values, and are not dependent on future
input values are called Causal Sytems.

The Causality condition for linear time invariant systems is given as :

h(n) =0 forn<0



Example 5.3) Check if system y(n) = x(n — 2) + x(n — 3) is causal or not.
Solution :

In this system, the output is computed only on past sample values i.e. x(n — 2) and
x(n — 3), the system is causal.

Example 5.4) Check if system y(n) = x(n — 2) + x(n + 3) is causal or not.
Solution :

In this system, the output is computed on past sample values i.e. x(n — 2) and also
future values, i.e. x(n + 3), the system is non-causal.

Stability
A DSP is said to be stable, if system poles are given as :

Ipil <1 ie Xie-wlh(n)] < oo

The pole-zero plot in Fig. 5.1 shows pole position of stable and unstable systems.

Im z

A

Stable z-plane Unstable
region region

%//J > Rez

Fig 5.1 Z-plane regions for stable and unstable systems

z%-z+1

Example 5.5) Check stability of the system H(z) =

1

2
zZ Z+-
2

Solution :



zz—z+1_ z?—z+1

H(Z) = =
1 1 .1 1 .1
ZZ—Z+? (Z+?+]7)(Z+7—]7)
Since, E ijﬂ < 1, the given system is stable. (Ans)

Bounded Input — Bunded Output (BIBO) stability :
A system is said to BIBO stable, if and only if every bounded input gives bounded output.

The impulse response of the system decides the BIBO stability of the linear time invariant
system.

The necessary and sufficient condition for the BIBO stability is :

Zlh(k)l <
k=0

Example 5.6) Check BIBO stability of system y(n) = 3x(n) + 5
Solution :
y(n) = 3x(n) + 5
If x(n) = 6(n), then y(n) = h(n)
Hence, impulse response is h(n) = 36(n) + 5
When,n =0, h(0) =36(0)+5=3+5=38
When,n=1, h(1) =36(1)+5=0+5=5
so, h(1) =h(2)=...=h(k) =5
therefore,
h(n) =8, whenn=0
h(n) =5, whenn 0

The necessary and sufficient condition for BIBO stability is :

ilh(k)l < oo
k=0

therefore, Y.r-olh(k)| = |h(0)| + |h(a)|+... +]|h (k)|
=8+4+5+5+...4+5+...

This is diverging series, hence the given system is BIBO unstable. (Ans)



5.3 DISCRETE CONVOLUTION

Convoluting two signals in time domain is same as muliplying two signals in frequency
domain. Convolution is useful in studying analysing input signal response to the given
system. The concolution of the two signals is given as :

y(n) = x(n) * h(n)

[oe)

y(m) = Y x() h(n - k)

k=0

Properties of Convolution :

a) Commutative law :

x(n) * h(n) = h(n) * x(n)

b) Associative law :
For y;(n) = x(n) *x hy(n)
and y(n) = y;(n) * hy(n)
y(@) = [x(n) * hy (W] * hy(n)
y(m) = x(n) * [h,(n) * hy(n)]
c) Distributive law :

x(n) x [hy(n) + h,(n)] = x(n) * hy(n) + x(n) * h,(n)

Example 5.7) Plot the signal given by sequence {i, i, - = —}

Solution :



5.4 SOLUTION OF LINEAR CONSTANT COEFFICIENT DIFFERENCE
EQUATION

A discrete time system transforms an input sequence into an output sequence according to the
recursion formula that represents the solution of a difference equation.

The general formof the difference equation is :

N

M
ym == aym-k)+ ) bexin—k)
k=0

k=1
Where N is the order of the differenc equation.
The solution of the dfference equation has two parts :
y(n) = yp(n) + y,(n)

Where, y,, (n) is the solution to the homogeneous difference equation and y,(n) represents
the particular solution to the difference equation.

Table 5.1) Particular solution of several types of inputs



Input Signal x(n) Particular Solution y (n)

A (Step input) K
AM™ KM"
AnM K, n”+K1n-”‘1--- +K,,
Al ’Zl”(li!zonm'|'K1’/£M_1 - +K)
Acos a)”n] K, cos on+K, sin on
Asin (U“H‘J

5.5 FREQUENCY DOMAIN REPRESENTATION OF DISCRETE TIME SIGNALS
AND SYSTEMS

In a discrete time invariant system, if the input is of the form e‘“¢, the output is H(w)( e‘®?).
H( e'*%) is a function of w, which denotes the frequency response of the system.
H(et) = H,.(e't) +jH( e!®t) or

1 Hi( eiwt)
Hy (et

H( eit) = |H,( e™t)|e/®, where @ = tan

The input-output relation is :

y(n) — H( eiw)eiwn

Example 5.8) Find transfer function of the system :
yn) = -2y(n—1) -3y(n—-2) +x(n) + x(n— 1)
Solution :
The given difference equation can be written as :
y(n) +2y(n—1)+3y(n—2) =x(n) +x(n —1)
The system transfer function can be written as :

14e/®
1+ 2e7/® 4 3e7/2@

H(e/®) =

(Ans)



5.6 DIFFERENCE EQUATION AND ITS RELATIONCHIP WITH SYSTEM
FUNCTION, IMPULSE RESPONSE AND FREQUENCY RESPONSE

A causal LIT system is defined by a linear constant coefficient difference equation :

N

> aym—io =ibkx<n—k>
k=0

k=0

Y(z) _ Theobrz™®

The system function H(z) = X@ 3N a2k

IR Systems — Infinite Impulse Response Systems

An LTI system is said to be an Infinite Impulse Response (IIR) system if its unit
sample response h(n) is of infinte duration. Recursive filter having feedback has an impulse
response that is theoretically continues for ever.

FIR Systems — Finite Impulse Response Systems

An LTI system is said to be a finite impulse response (FIR) system if its unit sample
response h(n) is of finite duration. Non-recursive filters can be FIR systems.

Example 5.9) A DSP is given as a difference equation :
y(n) =0.2x(n) —05x(n—2)+ 0.4 x(n—3)
Digital input sequence {—1,1,0,—1} is applied to this DSP. Find output response.
Solution :
y(n) =0.2x(n) —05x(n—2)+ 0.4 x(n—3)
Taking z-transform of the given difference equation,
Y(z) =02X(z)—052z7%2X(2) + 0.4 z73X(2)
Therefore,

H(z) = % =02-05z"%2+042z3

Input sequence is, x(n) = {—1,1,0,—1}, and its z-transform is
Xz2)=-14 z1-2z3

Since, Y(Z) = H(2).X(2)

Y(z) ={-02+02z140522-112z34+042z*+052°>—-042°

Taking Inverse transform,



y(n) = {-0.2,0.2,0.5,—1.1,0.4,0.5, —0.4}
(Ans)

Example 5.9) Determine the impulse response of the systems described by the difference
equation :

y(n) =0.7y(n —1) = 0.1y(n — 2) + 2x(n) — x(n — 2)
Solution :

The given difference equation is :

y(n) =0.7y(n —1) = 0.1y(n — 2) + 2x(n) — x(n — 2)
This equation canbe written as :

y(n) —0.7y(n—1) + 0.1y(n — 2) = 2x(n) — x(n — 2)
Input impulse is give as x(n) = §(n).

Hence, y(n) = u(n)

Taking z-transform,

HZ)[1-07z71+01z72=(2—-272)

H(z) 2z2 -1
z  z(z—0.5)(z—0.2)

H A A A
(2) e 2 3
z z (z—-05) (z—-0.2)

z 7z 3@z-0513@-02

H(z) 10 10 1 46 1

" — 10 10 z +46 z
(2) = 3 (z—05) ' 3 (z—02)

Taking inverse z-transform,
10 46
h(n) = -1068(n) — 3 (0.5)™u(n) + 3 (0.2)" u(n)

(Ans)



Example 5.10) Determine the unit step response of the systems described by the difference

equation :
y(n) = 0.6y(n —1) — 0.08y(n — 2) + x(n)

Solution :
The given difference quation of the system is :
y(n) = 0.6y(n —1) — 0.08y(n — 2) + x(n)

This can be written as :
y(n) —0.6y(n—1) 4+ 0.08y(n — 2) = x(n)
Taking z-transform,

1
Y(2)[1—-0.6z"1+0.082z72] = —
1—2z71

1
Y(2) = (1—2z"1)[1 - 0.6z + 0.08z2]

. 1
@)= (1—z"1)(1-0.4z"1)(1—0.2z71)

_ Ay A, Az
V@) = (1—-2z71) ) (1-0.4z"1) " (1-0.2z71%)

vy o251 41 L1
\§ 3(1—04z1) ' 4(1—02z1)

12(1—-zYH
Taking inverse z-transform,
25 4 1
s(n) =yn) = 12 u(n) — 5(0.4) u(n) + Z(O'Z) u(n)
(Ans)

5.7 FREQUENCY RESPONSE

Frquency response describes the magnitude and phase shift over a range of frequencies.

Properties of Frequency Response




Properties of frequency response of a real sequence h(n) are given as :
a) H(e/®) takes on values for all w
b) H(e/*) is periodic in w with period 27
c) The magnitude response |H(e’®)| is an even function of w and symmetric about 7

d) The magnitude response |H(e/®)| isan odd function of w and antisymmetric
about m

Frequency Response of an inter connection of Systems

Parallel connection:

When there are L number of linear time invariant systems in time domain connected in
parallel, the impilse response h(n) of the resultant sytem is given as :

L
h) = ) b
k=1
Using, linearity property of z-transform, the frequency response of the complete system is :
L
H() = ) H(2) = By (2) + Hy(@)+ .. +H,(2)
k=1

Where z = e/®

Parallel interconnection of linear discrete time signal is shown in figure 5.2

N P y1(n) \

1 oHg [ (5 . ¥
x(n)

| /

[
Y

/
HL(Z) yL(n) /

Y

Figure 5.2 Parallel interconnection of linear discrete time systems



Cascade connection :

The impulse respopnse of L linear time invriant systems connected in cascade is given as :
h(n) = hy(n) * hy(n) *...x hy(n)

Using Convolution property, z-transform is obtained as :

H(z) = H,(2)H,(2) ... H,(2)

o—> Hi(2 > Ho(2) | cos — | H(2) — o
x(n) y1(n) yo(n)  yr-1(n) ¥(n)

Figure 5.3 Cascade interconnection of linear discrete time systems

5.8 SUMMARY

1) Linear time invariant systems have properties like linearity, time-invariance and causality
which can be used in system analysis

2) A DSP is said to be stable, if system poles are given as :

Ipil <1 ie oo olh(n)] < oo
3) A system is said to BIBO stable, if and only if every bounded input gives bounded output.
4) Convolution is useful in studying analysing input signal response to the given system.

5) A discrete time system transforms an input sequence into an output sequence according to
the recursion formula that represents the solution of a difference equation.

6) Frquency response describes the magnitude and phase shift over a range of frequencies.

5.9 EXERCISE

1) Explain what do you understand by discrete tim invariant systems

2) Explain conditions of causality and stability of a linear time invariant systems
3) What is BIBO stability?

4) Write a note on system transfer function

5) Find the stability region of the causal system

H(z) =

1—z1—272
6) Write a note on discrete convolution

7) Check if the system y(n) = x(—n) is causal or not



8) Explain how can the linearity of a discrete system be found out?
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UNIT V
Discrete and Fast Fourier Transforms
5.0 Introduction
5.1 discrete Fourier series
5.2 Discrete time Fourier transform (DTFT)
5.3 Fast Fourier transforms (FFT)
5.4 Inverse DFT
5.5 Composite radix FFT
5.6 Fast (Sectioned) convolution
5.7 Correlation
5.0 Introduction

The DFT is important because it is the mathematical relation that is implemented
by the various Fast Fourier Transform (FFT) algorithms. In this section we will
discuss

* Relationships between periodic and finite-duration time functions
* The discrete Fourier series (DFS) for periodic time functions
* The discrete Fourier transform (DFT) for finite-duration time functions

The discrete Fourier series (DFS) is used to represent periodic time functions and
the DFT is used to represent finite-duration time functions. The two
representations are virtually identical mathematically, and they are closely related
because a finite-duration time function can be thought of as a single period of a
periodic time function. Conversely, a periodic time function can be easily
constructed from a finite-duration time function simply by repeating the finite-
duration sequence over and over again, ad infinitum.

Let’s adopt the notation used by OSYP to distinguish these functions: let X™[n]
represent a periodic discrete-time sequence with period N, and let x[n](without
the tilde) represent a finite-duration sequence that is nonzero for 0<= n<=N-1.
We than note (trivially) that



x[n] = X[n],0=n<N-1 and

X[n] = x(nmod N)=x[((n ”N]

5.1 Discrete Fourier series

e Definitions of the DFS

If a time function xX“[n] is periodic has period N, we can write

N-1 o AT
L
xX[n] = N > X[k]e and
k=0
N-1 _J.kz_?:n
X[k] = > i[nle
n=120

There are only N unique frequency components because for integer k, n, and r.

gil?tkn,«"'N _ ej-_‘-ﬂ(k+}'N}n.—"N _ Er;’lﬂkn,»"Nejlm'nN:’N _ e}'-."‘ﬂkn.—"N[ 1)

Comments:

1. Both the time function x“[n] and the Fourier series coefficients X"[k] are
periodic with period N, so they are represented by only N distinct (possibly
complex) numbers.

2. The series can be evaluated over any consecutive of values of n or k of length
N.

j%kﬁ
3. The frequency components of the DFS are the complex exponentials e = . where the frequency

2
2n . . . . e . .
+ can be considered to be the “fundamental frequency” of the periodic waveform and all other fre-

quencies are integer multiples of it.



4. The frequency components are N equally-spaced samples of the frequencies
of the DTFT, or alternatively they represent N equally-spaced locations around
the unit circle of the z-plane.

—j2n/N

We commonly use the notational shorthand 7,, = e . s0 the DFS equations can be rewritten as

N-1

3[n] = %Z ATk H-’;?k and
k=0
N-1
K=y .i-[n]ﬂ'f,:f
n=0

Properties of the DFS

In general, the properties of the DFS are very similar to what we would expect
from the DTFT, except that the functions considered are periodic.

L. Linearity: a%,[n] + b¥,[n] © aX[n]+ bX;[n] provided that the period of the two time functions
is the same.

2. Time shift: 31— m] = Whe XTK]

3. Multiplication by a complex exponential: 3[7] W,\:w < Xk-71]

Note that in the previous two properties, shift in one domain corresponds to
multiplication in the other by a complex exponential, both of which may be
easier to evaluate when you apply the definition for Wh.

N-1
4. Multiplication-convolution: %, [n]%,[n] < %r > 4[]k -r]
F=20

The sum on the right hand side is very important for our work and is referred to
as periodic convolution or circular convolution. The operator for circular
convolution is normally written as an asterisk with a circle around it, possibly
with an accompanying number that indicates the size of the convolution (which
matters).

5.2 Discrete time Fourier transform (DTFT)



The discrete-time Fourier transform has essentially the same properties as the
continuous-time Fourier transform, and these properties play parallel roles in
continuous time and discrete time. As with the continuous-time Fourier
transform, the discrete-time Fourier transform is a complex-valued function
whether or not the sequence is real-valued. Furthermore, as we stressed in Lecture
10, the discrete-time Fourier transform is always a periodic function of fl. If x(n)
Is real, then the Fourier transform is conjugate symmetric, which implies that the
real part and the magnitude are both even functions and the imaginary part and
phase are both odd functions. Thus for real-valued signals the Fourier transform
need only be specified for positive frequencies because of the conjugate
symmetry. Whether or not a sequence is real, specification of the Fourier
transform over a frequency range of 27m specifies it entirely. For a real-valued
sequence, specification over the frequency range from, for example, 0 to & is
sufficient because of conjugate symmetry.

The time-shifting property together with the linearity property plays a key role in
using the Fourier transform to determine the response of systems characterized
by linear constant-coefficient difference equations. As with continuous time, the
convolution property and the modulation property are of particular significance.
As a consequence of the convolution property, which states that the Fourier
transform of the convolution of two sequences is the product of their Fourier
transforms, a linear, time-it variant system is represented in the frequency domain
by its frequency response. This representation corresponds to the scale factors
applied at each frequency to the Fourier transform of the input. Once again, the
convolution property can be thought of as a direct consequence of the fact that
the Fourier transform decomposes a signal into a linear combination of complex
exponentials each of which is an Eigen function of a linear, time-invariant system.
The frequency response then corresponds to the eigenvalues. The concept of
filtering for discrete-time signals is a direct consequence of the convolution
property. The modulation property in discrete time is also very similar to that in
continuous time, the principal analytical difference being that in discrete time the
Fourier transform of a product of sequences is the periodic convolution.



DISCRETE-TIME FOURIER TRANSFORM

x[n] = zifxiﬂl eliin dQ synthesis
LT
+00

X(Q) = Z x[n] e i8ln analysis
n=-o0

x[n] L X(2)
X(©) = Re{X(Q)} + jIm{X(Q)}

| X($2) | ei ¥ X(82)

Il

Figure 5.1: DTFT
5.3 Fast Fourier transforms (FFT)

The time taken to evaluate a DFT on a digital computer depends principally on
the number of multiplications involved, since these are the slowest operations.
With the DFT, this number is directly related to VV (matrix multiplication of a
vector), where is the length of the transform. For most problems, is chosen to be
at least 256 in order to get a reasonable approximation for the spectrum of the
sequence under consideration — hence computational speed becomes a major
consideration. Highly efficient computer algorithms for estimating Discrete
Fourier Transforms have been developed since the mid-60’s. These are known as
Fast Fourier Transform (FFT) algorithms and they rely on the fact that the
standard DFT involves a lot of redundant calculations.

N1 N1
Re-writing Fln] = Y flkle 9 ¥ asF[n] = 3 f[K]WEk
k=0 k=0

Frnk .
It is easy to realise that the same values of WE" . are calculated many times as
the computation proceeds. Firstly, the integer product nk repeats for different

Jrnk L . ;
combinations of n and k; secondly, Wi is a periodic function with N only
distinct values.



5.4 Inverse DFT

The inverse transform of

N-1

Fln] =) flk]e ™"
k=0

Is given as:

I.e. the inverse matrix is 1/N : times the complex conjugate of the original
(symmetric) matrix.

From the inverse transform formula, the contribution to f[k] of F[n] and F[N —n]
1s:

]. N T * AT
falkl = S {F e’ ok L F[N — p)el N -mky (7.2)

N—-1
Forallf[k]real, FIN —n] =" flkle I ¥k
k=0

P AT . .Ilwn .3z
But G_JT'[N_”)k — E—j?ﬂk G+_,‘[Tk +j5Fnk
“
1 for all &

ie. F[N —n| = F*(n) (ie. the complex conjugate)

5.5 Composite radix FFT

It is not always possible to work with sequences whose length is a power of 2.
However, efficient computation of the DFT is still possible if the sequence
length may be written as a product of factors. For example, suppose that N may
be factored as follows: N=N1.N2.



We then decompose x(n) into N2 sequences of length NI and arrange these
sequences in an array as follows:

\{U] .\'(a""'-'rg} JE .1'{N3{.M| - lﬂ
() AN+ 1) o XINSINy =D+ 1D
X = )
_.'l.'(;"‘h'rg -1y x2N>—=1 - X(NN> = 1)

5.6 Fast (Sectioned) convolution

5.6.1 Fast Circular Convolution

Since

N-1
Z (z(m) (h(n—m))modN) = y(n)is equivalent toY (k) = X (k) H (k)

m=(

y (n) can be computed as y (n) = IDFT [DFT [z (n)] DET [k (n)]]

Cost
e Direct
» N2 complex multiplies.
» N (N - 1) complex adds.

Via FFTs
. - 3 FFTs — N multipies.
N + %loggf\f complex multiplies.
3 (Nlog,N) complex adds.

If H (k) can be precomputed, cost is only 2 FFts — N multiplies.

5.6.2 Fast Linear Convolution
For linear convolution, we must zero-pad sequences so that circular wrap-around always
wraps Over zeros.
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..... Length -L + M - 1 Sequence

L+M 2

Figure 5.2: Fast Linear Convolution
To achieve linear convolution using fast circular convolution, we must use zero-padded DFTs

of length NzL+M-1

%x(m)

‘ ‘ hin-m),

Figure 5.3
Choose shortest convenient N (usually smallest power-of-two greater than or
equal to L +M - 1).

y(n) = IDFTy [DFTy [z (n)] DFTy [k (n)]]

5.6.3 Running Convolution
Suppose L = oo, as in a real time filter application, or (L >> M). There are
efficient block methods for computing fast convolution.

5.6.3.1 Overlap-Save (OLS) Method
Note that if a length-M filter h (n) is circularly convolved with a length-N segment of a signal

x (),



x(n)
] R hl[rlcl'l'l'IJN
M I
|
n, hin-m),
N hinsm),

|

n,

Figure 5.4: Overlap —Save method
The Overlap-Save Method: Break long signal into successive blocks of N samples, each block
overlapping the previous block by M-1 samples. Perform circular convolution of each block
with filter h (m). Discard first M - 1 point in each output block, and concatenate the remaining

points to create y (n).
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5.7 Correlation

The concept of correlation can best be presented with an example. Figure 5.6 shows the key
elements of a radar system. A specially designed antenna transmits a short burst of radio wave
energy in a selected direction. If the propagating wave strikes an object, such as the helicopter
in this illustration, a small fraction of the energy is reflected back toward a radio receiver
located near the transmitter. The transmitted pulse is a specific shape that we have selected,
such as the triangle shown in this example. The received signal will consist of two parts: (1) a
shifted and scaled version of the transmitted pulse, and (2) random noise, resulting from
interfering radio waves, thermal noise in the electronics, etc. Since radio signals travel at a
known rate, the speed of light, the shift between the transmitted and received pulse is a direct
measure of the distance to the object being detected. This is the problem: given a signal of
some known shape, what is the best way to determine where (or if) the signal occurs in another
signal. Correlation is the answer. Correlation is a mathematical operation that is very similar
to convolution. Just as with convolution, correlation uses two signals to produce a third signal.
This third signal is called the cross-correlation of the two input signals. If a signal is correlated
with itself, the resulting signal is instead called the autocorrelation. The convolution machine
was presented in the last chapter to show how convolution is performed. Figure 5.6 is a similar



illustration of a correlation machine. The received signal, X[n], and the cross-correlation signal,
y[n], are fixed on the page. The waveform we are looking for, t[n], commonly called the target
signal, is contained within the correlation machine. Each sample in y[n] is calculated by
moving the correlation machine left or right until it points to the sample being worked on. Next,
the indicated samples from the received signal fall into the correlation machine, and are
multiplied by the corresponding points in the target signal. The sum of these products then
moves into the proper sample in the cross correlation signal.
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Figure 5.6
The amplitude of each sample in the cross-correlation signal is a measure of how much the
received signal resembles the target signal, at that location. This means that a peak will occur
in the cross-correlation signal for every target signal that is present in the received signal. In
other words, the value of the cross-correlation is maximized when the target signal is aligned
with the same features in the received signal. What if the target signal contains samples with a
negative value? Nothing changes. Imagine that the correlation machine is positioned such that
the target signal is perfectly aligned with the matching waveform in the received signal. As
samples from the received signal fall into the correlation machine, they are multiplied by their
matching samples in the target signal. Neglecting noise, a positive sample will be multiplied
by itself, resulting in a positive number. Likewise, a negative sample will be multiplied by
itself, also resulting in a positive number. Even if the target signal is completely negative, the
peak in the cross-correlation will still be positive. If there is noise on the received signal, there
will also be noise on the cross correlation signal. It is an unavoidable fact that random noise



looks a certain amount like any target signal you can choose. The noise on the cross-correlation
signal is simply measuring this similarity. Except for this noise, the peak generated in the cross-
correlation signal is symmetrical between its left and right. This is true even if the target signal
isn't symmetrical. In addition, the width of the peak is twice the width of the target signal.
Remember, the cross-correlation is trying to detect the target signal, not recreate it. There is no
reason to expect that the peak will even look like the target signal. Correlation is the optimal
technique for detecting a known waveform in random noise. That is, the peak is higher above
the noise using correlation than can be produced by any other linear system. (To be perfectly
correct, it is only optimal for random white noise). Using correlation to detect a known
waveform is frequently called matched filtering.

The correlation machine and convolution machine are identical, except for one small
difference. As discussed in the last chapter, the signal inside of the convolution machine is
flipped left-for-right. This means that samples numbers: 1, 2, 3, run from the right to the left.
In the correlation machine this flip doesn't take place, and the samples run in the normal
direction.
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6.0 OBJECTIVES

After going through this unit you will be able to :

e Define finite impulse response as well as infinite impulse response filters
Describe design techniques of FIR filters
e Explain IR filter design by approximation of derivatives,impulse invariant method,bilinear
transformation
e Understand butterworth and chebyshev filters.
Explain frequency transformation
Describe frequency response of linear phase FIR filters.



6.1 Finite Impulse Response (FIR) Filters

6.1.1 Introduction

Afilter is a frequency selective system.Digital filters are classified as finite duration unit impulse
response filters or infinite duration unit impulse response filters.In signal processing,a finite impulse
response filter is a filter whose impulse response is of finite duration. l.e it has a finite number of
non zero terms.FIR filter is a filter with no feedback in its equation.the response of FIR filter depends
only on past and present samples.FIR filters are usually implemented using non-recursive
structure,however they can be realized in both recursive as well as non recursive structures.

Following are the main advantages of FIR filters:

1. FIRfilters are always stable.
2. FIRfilters are free of limit cycle oscillations , when implemented on a finite word length
digital system.
3. Excellent design methods are available for various kinds of FIR filters.
Disadvantages of FIR filters are as follows:

1. Memory requirement for FIR filter is very high
2. The implementation of FIR filters is very costly, since it requires more arithmetic operations
and hardware components such as multipliers,adders and delay elements.

The basis FIR filter is characterized by two equations :
y(n) = h(k) (x(n—k) (6.1a)
H(z) = h(k) (6.1b)

Where h(k),k = 0,1,...N — 1, are the impulse response coefficient of the filter, H(z)is the
transfer function of the filter and N is the filter length,i.e the number of filter coefficients.equation
6.1a is the FIR difference equation.

y(n) is a function only of past and present values of input x(n).FIR filters are always stable ,if they are
implemented by direct evaluation as shown in equation 6.1a.Equation 6.1b represents the transfer
function of filter,which provides a mean of analyzing the filter.

All DSP processors available have architecture suited to FIR filtering.FIR filters are very simple to
implement.

6.1.2 Magnitude response and phase response of digital filters



The magnitude response of the filter can be characterized in terms of frequency bands the filter will
pass or reject.The transfer function of a FIR causal filter is given by

— V'N-1 -n
H(z) =2n=0 h(n)z
where h(n) is the impulse response of the filter. The frequency response [Fourier transform

of h(n)] is given by

H(w) =XN=y h(m)e™
which is periodic in frequency with period 2 p, i.e.,

H(w) = Hw + 2rk), k=0,1,2..
Since H(w) is complex it can be expressed as

H(w) = t|H()le ™/
Where |H(w)]| is the magnitude response and 6 (w)is the phase response .

We define the phase delay 7j,and group delay 7gof a filter as:

tp = —dO(w) / d(w) = —db(w) / d(w) =

6.1.3 Frequency response of linear phase FIR filters

The frequency response of the filter is the fourier transform of its impulse response.if h(n) is the
impulse response of the system, then the frequency system is denoted by H(w) or H(e/®).H(w)is a
complex function of frequency w and so it can be expressed as magnitude function

| H(w)| and phase function 2H (w)

Linear phase filters have 4 possible type of impulse response, depending on N and the type of
symmetry :

Symmetrical impulse response when N is odd.
Symmetrical impulse response when N is even.
Asymmetrical impulse response when N is odd.

e e

Asymmetrical impulse response when N is even.

6.1.3.1 Frequency response of linear phase FIR filter when impulse response is symmetrical and N
is odd.



The equation for frequency response of linear filter when impulse response is symmetrical and N is
odd is given by :

N-1

—jo| —— N -1 (N -1)/2 N -1
Hw)=¢e (2] hl —— | + 2h| —— — n | cos wn
2 Z 2

n=1

The magnitude function is given by

_ (N-1)/2 B
|H(w)‘:h NTI + E 2h NTl—n Cos wn

n=1
The phase function is given by

AH(a)):—wNT_l = — 0O where oc=NT_1

Figure a shows symmetrical impulse response when N is 9,wheres figure b shows

the corresponding magnitude function of frequency response.

|H(w)| A

Centre of symmetry Centre of symmetry

() (b)
(a) Symmetrical impulse response, N =9  (b) Magnitude function of H(w).

From the figure it can be observed that the magnitude function of h is symmetric with w = IT , when
the impulse response is symmetric and N is an odd number.

6.1.3.2 Frequency response of linear phase FIR filter when impulse response is symmetrical and N
is even.

The expression for frequency response of linear phase FIR filter when impulse response is
symmetrical and N is even is given by



. N-1 | N2
—Jjo N 1
H(a))=el 2 Z 2h ?—n Cos n—E

_nzl

The magnitude function of H( w ) is given by

NP2
|H(w)|: Z:] 2h %—n cos @ n—%

The phase function of H( w ) is given by

ZHw)= —w NT_I = -0 wherea:NT_l

Following figure (a) shows a symmetrical impulse response when N = 8, and figure (b)
shows the corresponding magnitude function of frequency response. From these figures it
can be observed that the magnitude function of H(w)is antisymmetric withw = I1, when

impulse response is symmetric and N is even number.

Centre of symmetry

|H(w)| 4 Centre of antisymmetry

h(n)
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(a)

Fig (a) symmetrical impulse response(N=8) Fig (b) magnitude function of frequency response

6.1.3.3 Frequency response of linear phase FIR filter when impulse response is anti symmetric and
N is odd.

This is the equation for frequency response of linear phase FIR filter when impulse response

is antisymmetric and N odd.



(7 _ (N=I\[(v-1n2
H(w)=e"[.2 ) N-1

n=1

The magnitude function is given by

n=1

' (N-1)12
‘H(a))| = Z Qh[NT_an sin n

The phase function is given by

b N -1
LH®W) = ——w| —— | = -0w
(w) 5 5 p

Where

T
= —and o = ——
P 2

2 2h| —— —n |sin on
2

Figure a) shows an antisymmetric impulse response when N =9, and Figure (b)

shows the corresponding magnitude function of frequency response. From these figures, it

can be observed that the magnitude function is antisymmetric with w = IT , when the impulse

response is antisymmetric and N is odd.

Centre of antisymmetry |H(®)| 4 Centre of antisymmetry
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Fig(a) antisymmetric impulse response(N=9) Fig(b) magnitude function of frequency response

6.1.3.4 Frequency response of linear phase FIR filter when impulse response is anti symmetric and

N is even.



This is the equation for the frequency response of linear phase FIR filter when impulse
response is antisymmetric and N is even.
{7 _oN- 1] NP

H(ot))=e'[2 2 22!1 Z;—n sin| ®| n——

n=1

The magnitude function is given by

NP2
|H(a))|:z2h %—n sin | @ n—%

n=1

The phase function is given by

ZH(w) = E_mN__l = - 0w
2 2

Where

Figure (a) shows an antisymmetric impulse response when N = 8, and Figure (b)

shows its corresponding magnitude function of frequency response. it can be observed that the
magnitude function of H(w) is symmetric with w = IT when the impulse response is antisymmetric
and N is an even number.
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Fig (a) Antisymmetric impulse response for N =8 Fig (b) Magnitude function of H(w).

6.1.4 Design techniques of FIR filters

Design of digital filter involves :

1. Filter specification : This may include stating the type of filter, for example lowpass filter, the
desired amplitude and/or phase responses and the tolerance, the sampling frequency, and
the word length of input data.

2. Coefficient calculation to find transfer function: At this step,we determine the coefficient of
transfer function.

3. Realization function : This involves converting the transfer function into a suitable filter
network or structure.

4. Analysis of finite wordlength effects : Here, we analyze the effect of quantizing the filter
coefficients and the input data as well as the effect carrying out the filtering operations

5. Implementation : This involves producing the software and/or hardware and performing the
actual filtering.

To design FIR filters following methods are followed :

Fourier series method
Window method
Frequency sampling method

A w N

Optimum filter design

6.1.4.1 Fourier series method of design

The procedure for designing FIR filters by Fourier series method is as follows:
Step 1: Choose the desired frequency response H; (w) of the filter.

Step 2: Evaluate the Fourier series coefficients of H; (wT )which gives the desired
impulse responseh (n).

Step 3: Truncate the infinite sequence h;(n) to a finite sequenceh (n).

Step 4: Take Z-transform of h (n) to get a non-causal filter transfer function H(z).

Step 5: Multiply H(2) byZ_(N_l)/2 to convert the non-causal transfer function to a

realizable causal FIR filter transfer function.

We know that any periodic function can be expressed as a linear combination of complex
exponentials. The frequency response of a digital filter is periodic with period equal to sampling



frequency. Therefor, the desired frequency response of an FIR filter can be represented by fourier
series as :

=H,(oT) = Z h,(n) e /"

H=—oo

H,;,(w)|

w=wT

Where the fourier coefficients hd(n) are the desired impulse response sequence of the filter.the
samples of hd(n) can be determined using the equation :

/2
h,(n) = 1 j H,(oT) e’ dw
w.i' —w./?

Where ws is a sampling frequency in rad/sec. Fs is sampling frequency in Hz. T = 1/Fs is a sampling
period in sec.

The impulse response from the above equation is an infinite duration sequence.

For FIR filters , we truncate this infinite impulse response to a finite duration sequence of length N,
where N is odd.Therefore ,

h,(n), forn= - L_l to L_l
h(n) = 2 2

0, otherwise

Taking Z - transform of the above equation for h  (n), we get
(N -1)/2

Hz)= ), hmz"

n=—(N-1)2

This transfer function of the filter H(z) represents a non-causal filter. Hence the transfer function

represented by the above equation for H(z) is multiplied by 7z~ (V=172 Therefore

_[N_—l] (N=1)/2 (N-1)/2
2 2N h=m " RO+ Y k()"

n=1 n=1

Since h (n)=h(-n), we express H(z)as :



(N -1)/2
H(Z) — Z—(N—l)fz h(()) + Z h(n) [ZJ‘.' + Z—}TJ

n=1

Hence we see that casualty is brought by multiplying the transfer function by the delay factor

a = (N — 1)/2. This modification does not affect the amplitude response of the filter, however the
abrupt truncation of the fourier series results in oscillations in the pass band and stop band.these
oscillations are due to slow convergence of the fourier series.This effect is known as gibbs
phenomenon.

6.1.4.2 Design of FIR filter using windows.

A finite weighing sequence w(n) with which the infinite impulse response is multiplied to obtain a
finite impulse response is called a window.A finite weighing sequence w(n) with which the infinite
impulse response is multiplied to obtain a finite impulse response is called a window. This is
necessary because abrupt truncation of the infinite impulse response will lead to oscillations in the
pass band and stop band, and these oscillations can be reduced through the

use of less abrupt truncation of the Fourier series.
The desirable characteristics of the window :

1. The central lobe of the frequency response of the window should contain most of the energy
and should be narrow.
The highest side lobe level of the frequency response should be small.
The side lobes of the frequency response should decrease in energy rapidly as w tends to pi.

The procedure for designing FIR filters using windows is:
Step 1: For the desired frequency responseH (w), find the impulse responseh;(n)

using the equation:

17 .
_ .,:wr.-
h,(n) = p j H, (0) &’"dw
-

Step 2: Multiply the infinite impulse response with a chosen window sequence

w(n) of length N to obtain filter coefficients h  (n), i.e.



N-1

h(n) = hy(myw(n), for Inl <

0, otherwise

Step 3: Find the transfer function of the realizable filter

(N-1)/2
H(2)=z "2 )+ Y hm)[" +27"]

n=>0

Some common window functions are :

Rectangular
Bartlett
Hanning
Hamming

vk N e

Blackmann

Rectangular window:

The weighting function (window function) for an N-point rectangular window is given by

I, MS;@S(N—_IJ 1, 0<n£(N-1
wg(n) = 2 2 or wg(n)=

0, elsewhere
0, elsewhere '

The spectrum (frequency response) of rectangular window Wy (w) is given by the Fourier
transform of wg(n)

The characteristic features of rectangular window are

(i) The main lobe width is equal to 4I1/N

(ii) The maximum side lobe magnitude is —13 dB.

(iii) The side lobe magnitude does not decrease significantly with increasing w.



In a rectangular window , the width of the transition region is related to the width of the main lobe
of window spectrum.Gibbs oscillations are noticed in the pass band and stop band.The attenuation
in the stop band is constant and cannot be varied.

Bartlett Window :

Bartlett window is also called a triangular window. This window has been chosen such that it has
tapered sequences from the middle on either side. The window function w T (n) is defined as

o2l (N-1) (N
wom)=1 N-1 2 2

0 , otherwise

1— 2ln—=(N -1)/2
wy(n) = N-1

0 , otherwise

, 0<n<N-1

In magnitude response of triangular window, the side lobe level is smaller than that of the
rectangular window being reduced from —13 dB to —25 dB. However, the main lobe width is now
8I1/N or twice that of the rectangular window.

The triangular window produces a smooth magnitude response in both pass band and stop band,
but it has the following disadvantages when compared to magnitude response obtained by using
rectangular window:

1. The transition region is more.
2. The attenuation in the stop band is less.

Because of these characteristics, the triangular window is not usually a good choice
Hanning window :

The Hanning window function is given by

a+(1—0:)c032ﬂ, for—Ni_1 <n < L_l
wy(n) = N-1 2 2

0, elsewhere



05 — 05c0s 2™ for 0<n < N—1

WH;;-(”) — N -1

0 , otherwise

The width of main lobe is 81 /N, i.e twice that of a rectangular window which results in doubling of
the transition region of the filter. The peak of the first side lobe is —32 dB relative to the maximum
value. This results in smaller ripples in both the pass band and stop band of the low-pass filter
designed using the Hanning window. The minimum stop band attenuation of the filter is 44 dB. At
higher frequencies the stop band attenuation is even greater. When compared to a triangular
window, the main lobe width is the same, but the magnitude of the side lobe is reduced, hence the
Hanning window is preferable to the triangular Window.

Hamming window :

The Hamming window function is given by

0.5+ 0.5cos 2nn , for — E <n < E
WHn(n)z N-1 2 2

0 , otherwise

0.54 — 0_46cos{2"” J 0<n<N-1

wy(n) =

0 , otherwise

In the magnitude response for N = 31, the magnitude of the first side lobe is down about 41

dB from the main lobe peak, an improvement of 10 dB relative to the Hanning window. But this
improvement is achieved at the expense of the side lobe magnitudes at higher frequencies, which
are almost constant with frequency. The width of the main lobe is 8 p /N. In the magnitude response
of a low-pass filter designed using the Hamming window, the first side lobe peak is =51 dB, which is —
7 dB lesser with respect to the Hanning window filter. However, at higher frequencies, the stop band
attenuation is low when compared to that of Hanning window. Because the Hamming window
generates lesser oscillations in the side lobes than the Hanning window for the same main lobe
width, the Hamming window is generally preferred.

Blackman window :



The Blackman window function is another type of cosine window and given by the equation

0.42 + 0.5 cos 2nn + 0.08 cos amn , for — E <n < E
wy(n) = N-1 N-1 2 2

0 , otherwise

Or

0.42 — 0.5 cos 2T
wg(n) = N -1

0 , otherwise

In the magnitude response, the width of the main lobe is 1211 /N, which is highest among windows.
The peak of the first side lobe is at —58 dB and the side lobe magnitude decreases with frequency.
This desirable feature is achieved at the expense of increased main lobe width. However, the main
lobe width can be reduced by increasing the value of N. The side lobe attenuation of a low-pass filter
using Blackman window is —78 dB.

Window’s name | Mainlobe Mainlobe/sidelobe | Peak 20log;d
Rectangular dmw/ M -13dB -21dB
Hanning 8w/ M -32dB -44dB
Hamming 8w /M -43dB -53dB
Blackman 127 /M —58dDB -74dB

Summary of window characteristics

6.1.4.3 Frequency sampling method

The ideal frequency response is sampled at sufficient number of points (i.e. N-points). These samples
are the DFT coefficients of the impulse response of the filter. Hence the impulse response of the
filter is determined by taking IDFT.

Let H; (w) = Idea frequency response

H (k) = DFT sequence obtained by sampling H; (w)



h(n) = Impulse response of FIR filter

The impulse response h(n) is obtained by taking IDFT of H(k) .The samples of impulse response
should be real. The terms H (k)e/2k/N) should be matched by the e =/ (Ink/N),

Frequency sampling methods include two design techniques i.e,

1. type-l design
2. type-ll design.
In the type-I design, the set of frequency samples includes the sample at frequency w = 0

When other set of samples are used instead of w = 0,such a design procedure is referred to as the
type-Il design

Procedure for type-I design

1. Choose the ideal (desired) frequency response H; (w).

2 Sample H; (w) at N-points by taking w = wy, = ZZ—k, wherek = 0,1,2,3,...,(N - 1) to generate
the sequence H (k).

H(k) = H, (@) |y ozpyn: for k=0,1,2,..,(N-1)

3. Compute the N samples of h(n) using the following equations:

When N is odd,
11 (N-1)/2 ~ jlﬂnk
h(n) = < HO)+2 Z Re| H(k)e N
k=1

When nis even,

ol (%*'] i ; 2mnk
h(n):ﬁ HO)+2 Y, |Hke V

k=1

4. Take Z-transform of the impulse response h(n) to get the transfer function H(z)

N-1
H(z)= ) hm)z™"

n=0



Procedure for type-Il design

1. Choose the ideal frequency response H; (w).

211 (2k+1)

2. Sample H; (w) at N-points by taking w = wj, = N

wherek = 0,1,2,...,(N - 1) to generate the sequence H (k).
H(k)sz(a))lw_Z?r(Zk+l); fOI' kZO, 1,2,..., (N_l)
2N
3. Compute the N samples ofh(n) using the following equations:

When N is odd,

r_,_;

h(n) = [ﬁ(k) e.,r'n:r'r(Ek+1)IN:|

2"
N ~

When N is even,

&)
h(n) _ % . Z Re [ﬁ(k) e.jnn(2k+1)!N:|

k=0 N

4. Take Z-transform of the impulse response h(n) to get the transfer function H(z).

N-1
H(z)= Y h(n)z™"
n=0

6.1.4.4 Optimum filter design

In optimum filter design method, the weighted approximation error between the desired
frequency response and the actual frequency response is spread evenly across the pass band
and evenly across the stop band of the filter. This results in the reduction of maximum error.
The resulting filter has ripples in both the pass band and the stop band. This concept of

design is called optimum equiripple design criterion.



6.1.5 Design of optimal linear phase FIR filters

The optimal method is based on the concept of equiripple passband and stopband. In the passband

, the practical response oscillates between 1-§,, and 1+§, . in th stopband the filter response lies
between 0 andd,.The difference between the ideal filter and the practical response can be viewed as
error function

E(w) = W(w)[Hp(w) — H(w)

Where Hp (w is the ideal or desired response and W (w) is a weighing function that allows the
relative error of approximation between different bands to be defined in the optimal method.

The main problem in the optimal method is to find the location of the external frequencies. A

powerful technique which employs remez exchange algorithm to find the external frequencies has
been developed.For a given set of specifications( that is passband edge frequencies N and the ratio
between the passband and stopband ripples the optimal method involves the following key steps :

1. Use the remez exchange algorithm to find the optimum set of external frequencies.
2. Determine the frequency response using external frequencies
3. Obtain the impulse response coefficients.

Flow chart of the optimal method.:

Specify filter and
determine program
inputs

J;

Initial guess of r + 1
extrema

l

¥
Determine |E(w]|
and its largestr + 1
extrema

Extrema
Changed
7

yes

No

Cbtain the impulse
response coefficient




Flowchart for optimal method

The heart of the optimal method is the first step where an iterative process is used to determine the
external frequencies of a filter whose amplitude-frequency response satisfies the optimality
condition.This step relies on the alternation theorem which specifies the number of external
frequencies that can exist for a given value of N.

6.2 Infinite Impulse Response (lIR) Filters

6.2.1 Introduction

The type of filters which make use of feedback connection to get the desired filter implementation
are known as recursive filters.Their impulse response is of infinite duration. So ,they are called IIR
filters. lIR filters are designed by considering all the infinite samples of the impulse response. The
impulse response is obtained by taking the inverse Fourier transform of ideal frequency response.
There are several techniques available for the design of digital filters having an infinite duration unit
impulse response. The popular methods for such filter design uses the technique of first designing
the digital filter in analog domain and then transforming the analog filter into an equivalent digital
filter because the analog filter design techniques are well developed.

lIR filters normally require fewer coefficients than FIR filters.These filters are mainly used when
throughput and sharp cutoff is the important requirement.The physically realizable and stable IIR
filter cannot have a linear phase. For a filter to have a linear phase, the condition to be satisfied is
h(n) = h(N —1—n) where N is the length of the filter and the filter would have a mirror image pole
outside the unit circle for every pole inside the unit circle. This results in an unstable filter. As a
result, a causal and stable IIR filter cannot have linear phase. In the design of IIR filters, only the
desired magnitude

Important features of IIR filters:

1. The physically realizable IIR filters do not have linear phase.
2. The IIR filter specifications include the desired characteristics for the magnitude

response only.



6.2.2 IR filter design by approximation of derivatives

The approximation of derivative method is also known as backward difference method.The analog
filter having the rational system function H(s) can also be described by the linear

constant coefficient differential equation.
dy(t) _ dx(t)
dt dt

In this method of IIR filter design by approximation of derivatives, an analog filter is converted into a
digital filter by approximating the above differential equation into an equivalent difference equation.

. - oay@®) N\
The backward difference formula is substituted for the derivative attime £ = TlT
Thus,
dy(t) _ y(nT)-y(n-1)T

dt T

o ay(t) _ y(m)-y(n—-1)
r —
dt T
where T is the sampling interval andy (n) - y (nT)
. . \ - dy(t)

The system function of an analog differentiator with an output is H(S) = Sand

the digital system which produces the outpur[y(n) - y(n - 1)]/T has the system function

H(z)=[1-zYT.

Comparing these two, we can say that the frequency domain equivalent

dy@® _ ym-ymr-1)
- .

for the relationship

_1-z71
T

Thus, this is the analog domain to digital domain transformation.

Mapping of the z-plane from the s-plane



We have S = ——ie Z =

Substituting S = J{2 in the expression for z, we have
1
zZ = ——
1-j0T
1 . 0T
FN27T2 + —] F 0272
1+j0-T 1+j04T

It can be observed that the mapping of the equations = (1 — z=Y) /T takes the left half plane of s-
domain into the corresponding points inside the circle of radius 0.5 and centre at z= 0.5. Also the
right half of the s-plane is mapped outside the unit circle. Because of this,mapping results in a stable
analog filter transformed into a stable digital filter. However, since the location of poles in the z-
domain are confined to smaller frequencies, this design method can be used only for transforming
analog low-pass filters and band pass filters which are having smaller resonant frequencies.

L .

12
\\ s-plane
\
\ Unit circle
\
(a)

Q¥

6.2.3 IIR filter design by impulse invariant method

A [{:)

(b)

Fig : Mapping of s-plane into z-plane by the backward difference method.

The desired impulse response of the digital filter is obtained by uniformly sampling the impulse
response of the equivalent analog filter. The main idea behind this is to preserve the frequency



response characteristics of the analog filter. For the digital filter to possess the frequency response
characteristics of the corresponding analog filter, the sampling period T should be sufficiently small
(or the sampling frequency should be sufficiently high) to minimize (or completely avoid) the effects
of aliasing.

Let h,(t) = Impulse response of analog filter
T = Sampling period

h(n) = Impulse response of digital filter

For impulse invariant transformation,

h(n)= he(t) = ha(nT)

Analog filter’s system function is given by

N

Ha(s) = ), =2

=1

The relationship between the transfer function f the digital filter and analog filter is given by

N

A;
H(z) = Z 1 —ePiTz-1

i=1

Comparing the above expressions for H, (s)and H(z), we can say that the impulse invariant

transformation is accomplished by the mapping.

11
s—p; 1—ePiTz"1

The above mapping shows that the analog pole at S = p; is mapped into a digital pole at Z =
ePT  Therefore, the analog poles and the digital poles are related by the relation.

z=eST



A JQ

LHP RHP '

Fig : Mapping of (a) s-plane into (b) z-plane by impulse invariant transformation.

The mapping from the analog frequency {2 to the digital frequency w by impulse invariant
transformation is many-to-one which simply reflects the effects of aliasing due to sampling of the
impulse response.

The stability of a filter (or system) is related to the location of the poles. For a stable analog filter the
poles should lie on the left half of the s-plane. That means for a stable digital filter the poles should
lie inside the unit circle in the z-plane.

6.2.4 IR filter design by the bilinear transformation

The IIR filter design using impulse invariant as well as approximation of derivatives methods is
appropriate only for the design of low-pass filters and band pass filters whose resonant frequencies
are small. These techniques are not suitable for high-pass or band reject filters. The limitation is
overcome in the mapping technique called the bilinear transformation. This transformation is a one-
to-one mapping from the s-domain to the z-domain. That is, the bilinear transformation is a
conformal mapping that transforms the imaginary axis of s-plane into the unit circle in the z-plane
only once, thus avoiding aliasing

of frequency components. In this mapping, all points in the left half of s-plane are mapped
inside the unit circle in the z-plane, and all points in the right half of s-plane are mapped
outside the unit circle in the z-plane. So the transformation of a stable analog filter results in
a stable digital filter. The bilinear transformation can be obtained by using the trapezoidal

formula for the numerical integration.



. . b
Let the system function of analog filter be H, (s) = s

The differential equation describing the above analog filter can be obtained as:

H,(s) = Y(s) _ b
X(s) s+a
Or sY(s)+a¥Y(s) = bX(s)

Taking inverse Laplace transform on both sides, we get

dy(r)
dt

+avy(t) = bx(t)

Integrating the above equation between the limits (nT —T) and nT, we have

nl nl T

I. dy®) . . J’ y(t)dt = b J' x(t)dt

dt
nl'=T nl'=T nT-=T

The trapezoidal rule for numeric integration is expressed as:

nl’
j' a()dt = %Ia(nT) +a(nT —T)]

nl'-T
Therefore, we get

v(inT)—v(nT —T)+ a%y(nT) + a%}‘(nT -T)= JJ%,’((HT) + ."ng(nT -1

After taking z-transform,the system function of a digital filter is

Y(z b

) —H@) = .

X(z) 21—z
= -+ a

T 1+7

Comparing this with the analog filter system function H, (S) we get

jo 2 (1=t 2(zmt
T 1+ T|z+1

On rearranging,



T
I+ —s
2

T
2

I8

l——s

This is the relation between analog and digital poles in bilinear transformation.

So to convert an analog filter function into an equivalent digital filter function, we need to put

_21-z
5= 7 F n H,(s)

The general characteristic of the mapping Z = eSTmay be obtained by puttings = o + j{2 and

expressing the complex variable z in the polar formas z = 7€’ in the above equation for s.

2(z-1 2 ( re™ —1
§= — =—| ——
Tlz+l] T|re” +1

Which is equal to

Thus,

g .
2 r- =1 ) 2r sin @
—_ 3 +J 5
TI|1+r +2rcosm 1 +r° +2rcosm

On the imaginary axis of s-plane ¢ = 0 and correspondingly in the z-plane r = 1.

Therefore, The relation between analog and digital frequencies is:

O=2m?

T 2
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Fig : Mapping between {2 and w in bilinear transformation.

The mapping is non-linear and the lower frequencies in analog domain are expanded in the digital
domain, whereas the higher frequencies are compressed. This is due to the nonlinearity of the
arctangent function and is usually known as frequency warping.

6.2.5 Butterworth filters

To design a Butterworth IIR digital filter, first an analog Butterworth filter transfer function is
determined using the given specifications. Then the analog filter transfer function is converted to a
digital filter transfer function using either impulse invariant transformation or bilinear
transformation.Infinite-duration Impulse Response (lIR) Filters

The analog Butterworth filter is designed by approximating the ideal frequency response
using an error function. The error function is selected such that the magnitude is maximally
flat in the passband and monotonically decreasing in the stopband. (Strictly speaking the
magnitude is maximally flat at the origin, i.e., at W = 0, and monotonically decreasing with
increasing W).

The magnitude response of low-pass filter obtained by this approximation is given by

H ()] =



where W cis the 3 dB cutoff frequency and N is the order of the filter.

6.2.5.1 Frequency response of the Butterworth filter

The frequency response of Butterworth filter depends on the order N. The magnitude

response for different values of N are shown in Figure. From Figure 8.8, It can be observed that the
approximated magnitude response approaches the ideal response as the value of N increases.

However, the phase response of the Butterworth filter becomes more nonlinear with increasing N.

H i
| “{ a}}| .\‘,-_4 Jh'\'r= I. [.’
1.0 |, V=22
N=1
AN2=0.707 |-
[deal —— Vel
responsc i J-'\:.f:_
i N=4
| N=10
0 Q Q

-
Magnitude response of Butterworth low-pass filter for various values of N.

Design procedure for low-pass digital Butterworth IIR filter:

The low-pass digital Butterworth filter is designed as per the following steps:

Step 1 : Choose the type of transformation, i.e., either bilinear or impulse invariant transformation.

Step 2 : Calculate the ratio of analog edge frequencies depending upon the transformation chosen
such as bilinear or impulse

Step 3 : Decide the order N of the filter. Choose N such that it is an integer just greater than or equal
to the value obtained.

Step 4 : Calculate the analog cutoff frequency for both transformation

Step 5 : Determine the transfer function of the analog filter.

Step 6: Using the chosen transformation, transform the analog filter transfer function H a (s)
to digital filter transfer function H(z).

Step 7 : Realize the digital filter transfer function H(z) by a suitable structure.



Properties of Butterworth filters

1. The Butterworth filters are all pole designs (i.e. the zeros of the filters exist at ¥).
2. The filter order N completely specifies the filter.

The magnitude response approaches the ideal response as the value of N increases.
The magnitude is maximally flat at the origin.

The magnitude is a monotonically decreasing function of W.

At the cutoff frequency W c, the magnitude of normalized Butterworth filter is 1/

2 . Hence the dB magnitude at the cutoff frequency will be 3 dB less than the

maximum value.

6.2.6 Chebysheuv filters

or designing a Chebyshev IIR digital filter, first an analog filter is designed using the given
specifications. Then the analog filter transfer function is transformed to digital filter transfer
function by using either impulse invariant transformation or bilinear transformation.

The analog Chebyshev filter is designed by approximating the ideal frequency response

using an error function. There are two types of Chebyshev approximations. In type-1
approximation, the error function is selected such that the magnitude response is equiripple
in the passband and monotonic in the stopband. In type-2 approximation, the error function
is selected such that the magnitude function is monotonic in the passband and equiripple in
the stopband. The type-2 magnitude response is also called inverse Chebyshev response. The
type-1 design is presented in this book

The magnitude response of type-1 Chebyshev low-pass filter is given by:

1

2
|H“(£i)|' = .
Q

1+ &y, | —
Q

where e is attenuation constant given by



Frequency response of the Chebyshev filter:

The frequency response of Chebyshev filters depends on order N. The approximated
response approaches the ideal response as the order N increases. The phase response of the

Chebyshev filter is more nonlinear than that of the Butterworth filter for a given filter length

|H (€2)] 4 H,(Q) 4

o}

Design procedure for low-pass digital Chebyshev IIR filter:

The low-pass Chebyshev IIR digital filter is designed following the steps given below.
Step 1 : Choose the type of transformation.

(Bilinear or impulse invariant transformation)

Step 2 : Calculate the attenuation constant e .

Step 3 : Calculate the ratio of analog edge frequencies W 2 /W 1.

Step 4 : Decide the order of the filter N

Step 5 : Calculate the analog cutoff frequency W c . for both transformation.

Step 6 : Determine the analog transfer function H a (s) of the filter, wehn the order of N is odd or
even

Step 7 : Using the chosen transformation, transform H a (s) to H(z), where H(z) is the
transfer function of the digital filter.
Properties of Chebysheuv filters (Type 1):

1. The magnitude response is equiripple in the passband and monotonic in the Stopband.
2. The chebyshev type-1 filters are all pole designs.

3. The normalized magnitude function has a value of 1/ 1 + F 2 at the cutoff frequency W ¢
4. The magnitude response approaches the ideal response as the value of N increases.



Inverse Chebyshev filters
Inverse Chebyshev filters are also called type-2 Chebyshev filters. A low-pass inverse

Chebyshev filter has a magnitude response given by

ey (Q,/Q)

[H(Q)| =

1

1+ c2(Q,/Q)2

where e is a constant and W c is the 3 dB cutoff frequency. The Chebyshev polynomial ¢ N (x)

is given by
cy(x) =cos(N cos ' x), for ‘x‘il

= cosh (N cosh™ x), for

x|::v1

The
magnitude response has maximally flat passband and equiripple stopband, just the opposite
of the Chebyshev filters response. That is why type-2 Chebyshev filters are called the inverse

Chebyshev filters.

H Q)] 4 i, ()] 4

6.2.7 Elliptic filters
The elliptic filter is sometimes called the Cauer filter. This filter has equiripple passband and

stopband. Among the filters discussed so far, for a given filter order, pass band and stop



band deviations, elliptic filters have the minimum transition bandwidth. The magnitude

response of an elliptic filter is given by

1
1+ & Uy(QIQ,)

HEQ =

where Uy (x)is the Jacobian elliptic function of order N and ¢ is a constant related to the

passband ripple.
6.2.8 Frequency transformation

In the design techniques discussed so far, we have considered only low-pass filters.

This low-pass filter can be considered as a prototype filter and its system function H p (s) can
be determined. The high-pass or band pass or band stop filters are designed by designing a
low-pass filter and then transforming that low-pass transfer function into the required filter
function by frequency transformation. Frequency transformation can be accomplished in two
ways.

Basically there are four types of frequency selective filters, viz. low-pass, high-pass, band pass
and the band stopped. In Figure 8.11, the frequency response of the ideal case is shown in solid

lines and practical case in dotted lines
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(d) Band stop filter.
The high-pass or band pass or band stop filters are designed by designing a
low-pass filter and then transforming that low-pass transfer function into the required filter
function by frequency transformation. Frequency transformation can be accomplished in two
ways:

1. Analog frequency transformation
2. Digital frequency transformation

Analog frequency transformation:

In the analog frequency transformation, the analog system function H, (s) of the prototype
filter is converted into another analog system function H(s) of the desired filter (a low-pass
filter with another cutoff frequency or a high-pass filter or a band pass filter or a band stop
filter). Then using any of the mapping techniques (impulse invariant transformation or

bilinear transformation) this analog filter is converted into the digital filter with a system



function H(2).

The frequency transformation formulae used to convert a prototype low-pass filter into a low-pass
(with a different cutoff frequency), high-pass, band pass or band stop are given in Table. 2. is the
cutoff frequency of the low-pass prototype filter.f2. * cutoff frequency of new low-pass filter or
high-pass filter and £2;and 2, are the cutoff frequencies of band pass or band stop filters.

Type Transformation
s
Low-pass s —= Q. —
Q.
Q-‘h
YRS 1 )
High-pass s —Q .

gl - —
57+ QQ,

Band pass s> Q.
5(Q, —€)))
Band stop s> Q *”'EQE - )
5T+ Q, Q,

Digital Frequency Transformation

As in the analog domain, frequency transformation is possible in the digital domain also. The

frequency transformation is done in the digital domain by replacing the variable z=1 by a function of
z" 1, i.e,f(z™1). This mapping must take into account the stability criterion. All the

poles lying within the unit circle must map onto itself and the unit circle must also map onto
Itself.
Following table gives the formulae for the transformation of the prototype low pass digital

filter into a digital low-pass, high-pass, band pass or band stop filters.



Type Transformation Diesign parameier

Low-pass -l 7 - B ﬂin|_iu5, —m:;;z-|
( pass I — ﬁ = p "
l—a z sin [i w, + uL_JIE—I
- ey cos (im{_ -, JIZ-|
High-pass i == - == .
[ +ex cos {{m{. + EL-JE—I
-2 -1 ' ek
Band pass P L L L o = 2ok
o,z -z 4l k+1)
ik—=1)
£, =
Tk + 1)
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The frequency transformation may be accomplished in any of the available two techniques,
however, caution must be taken to which technique to use. For example, the impulse invariant
transformation is not suitable for high-pass or bandpass filters whose resonant frequencies are
higher. In such a case, suppose a low-pass prototype filter is converted into a high-pass filter using
the analog frequency transformation and transformed later to a digital filter using the impulse
invariant technique. This will result in aliasing problems. However, if the same prototype low-pass
filter is first transformed into a digital filter using the impulse invariant technique and later
converted into a high-pass filter using the digital frequency transformation, then it will not have any
aliasing problem. Whenever the bilinear transformation is used, it is of no significance whether
analog frequency transformation is used or digital frequency transformation. In this case, both
analog and digital frequency transformation techniques will give the same result



6.3 Conclusion

e Based on impulse response, filters are of two types: (i) IIR filters and (ii) FIR filters.The IIR
filters are designed using an infinite number of samples of impulse response.They are of
recursive type, whereby the present output depends on the present input, past input and
past output samples. The FIR filters are designed using only a finite number of samples of
impulse response. They are non-recursive types whereby the present output depends on the
present input and past input samples.

® The necessary and sufficient condition for the linear phase characteristic of FIR filter is that
the phase function should be a linear function of w, which in turn requires constant phase
delay or constant phase and group delay.

e The transformation of analog filter to digital filter without modifying the impulse response of
the filter is called impulse invariant transformation (i.e. in this transformation, the impulse
response of the digital filter will be the sampled version of the impulse response of the
analog filter).

e FIRfilter is always stable because all its poles are at the origin.

e The two concepts that lead to the design of FIR filter by Fourier series are: (i) The frequency
response of a digital filter is periodic with period equal to sampling frequency.(ii) Any
periodic function can be expressed as a linear combination of complex exponentials.

e A finite weighing sequence w(n) with which the infinite impulse response is multiplied to
obtain a finite impulse response is called a window. This is necessary because abrupt
truncation of the infinite impulse response will lead to oscillations in the pass band and stop
band, and these oscillations can be reduced through the use of less abrupt truncation of the
Fourier series.

e Chebyshev approximation is one in which the approximation function is selected such that
the error is minimized over a prescribed band of frequencies.

e Type-1 Chebyshev approximation is one in which the error function is selected such that the
magnitude response is equiripple in the passband and monotonic in the stopband.

e Type-2 Chebyshev approximation is one in which the error function is selected such that the
magnitude response is monotonic in the passband and equiripple in the stopband. The type-
2 Chebyshev response is called inverse Chebyshev response.
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6.6 Unit End Exercises

1. What is an FIR filter? Compare an FIR filter with an IIR filter.
2. Write the steps in the design of FIR filters.

3. Explain FIR filter design using windowing method.

4. Find the frequency response of a rectangular window.

5.Design an FIR digital filter to approximate an ideal low-pass filter with pass band gain of unity,
cutoff frequency of 1 kHz and working at a sampling frequency of f;= 4 kHz. The length of the
impulse response should be 11. Use the Fourier series method.

6. Compare analog and digital filters. State the advantages of digital filters over
analog filters.

7. Define infinite impulse response and finite impulse response filters and compare.
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8. Justify the statement IIR filter is less stable and give reason for it.
9. Describe digital IIR filter characterization in time domain.

10. Describe digital IR filter characterization in z-domain.

11. Discuss the impulse invariant method.

12. What are the limitations of impulse invariant method?

13 Compare impulse invariant and bilinear transformation methods.

14. Discuss the magnitude and phase responses of digital filters.



