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Syllabus
F.Y.B.Sc. (C9)
Semester | (CBCYS)
Descriptive Statistics and Introduction to Probability

Objectives:

The purpose of this course is to familiarize students with basics of
Statistics. This will be essentia for prospective researchers and
professionals to know these basics.

Expected L earning Outcomes:
1) Enable learners to know descriptive statistical concepts
2) Enable study of probability concept required for Computer learners

Unit | :
Data Presentation
Datatypes : attribute, variable, discrete and continuous variable

Data presentation : frequency distribution, histogram o give, curves, stem
and leaf display

Data Aggregation

Measures of Central tendency: Mean, Median, mode for raw data, discrete,
grouped frequency distribution.

Measures dispersion: Variance, standard deviation, coefficient of variation
for raw data, discrete and grouped frequency distribution, quartiles,
guantiles Real life examples

Unit 11

Moments. raw moments, centra moments, relation between raw and
central moments Measures of Skewness and Kurtosis. based on moments,
guartiles, relation between mean, median, mode for symmetric,
asymmetric frequency curve.

Correlation and Regression: bivariate data, scatter plot, correlation,
nonsense correlation, carl Pearson's coefficients of correlation
independence.

Linear regression: fitting of linear regression using least square
regression, coefficient of determination, properties of regression
coefficients (only statement)

Unit I11
Probability : Random experiment, sample space, events types and
operations of events



Probability definition : classical, axiomatic, Elementary Theorems of
probability (without proof)

- 0<P(A)<1,
- P(AUB)=P(A)+P(B) - P(A B)
- P(A")=1-P(A)
- P(A)<P(B)ifAcCB
Conditional probability, ‘Bayes’ theorem, independence, Examples on Probability

Text Book:

1. Trivedi, K.S.(2001) : Probability, Statistics, Design of Experiments and
Queuing theory, with applications of Computer Science, Prentice Hall
of India, New Delhi

Additional References:
1. Ross, S.M. (2006): A First course in probability. 6 th Edition Pearson

2. Kulkarni, M.B., Ghatpande, S.B. and Gore, S.D. (1999): common
statistical tests. Satygjeet Prakashan, Pune

3. Gupta, S.C. and Kapoor, V.K. (1987): Fundamentals of Mathematical
Statistics, S. Chand and Sons, New Delhi

4. Gupta, S.C. and Kapoor, V.K. (1999) Applied Statistics S. chand and
son, New Delhi.

5. Montgomery, D.C. (2001): Planning and Anaysis of Experiments,
wiley.
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1.0 OBJECTIVE

The learner will be able to understand variuos data types,
understand frequency distributon and be able to plot smple graphs like
Histograms, O give curve to display data. Also stem and leaf type of

display can be learned from this chapter.

1.1INTRODUCTION

Any Statistical study involves collecting, processing, analysing

data and then reporting information from this data.

Statistics is defined as “Statistics is a science that includes the
methods of collecting, organising, presenting, analysing and interpreting

numerical facts and decision taken on that basis’.



1.2 DATA PRESENTATION

121 DATA TYPES

Data(or Distribution) can be classified as Ungrouped data and Grouped
Data.

Grouped data can be further classified as Discrete and Continous type.
1.2.1.1 Ungrouped Data

In this type, no grouping is done on data and data is available in
the raw form.

Ex 1: Age of studentsin a group of five people can be 35, 38, 37, 30 and
35 years

Ex 2 : Scores of six students in a Statistics test can be 4, 6, 8, 3, 2 and 9
marks

1.2.1.2 Grouped Data

In this type datais grouped for some purpose. Grouped data can be
Discrete or Continuous.

Grouped Discrete Data
Number of occurences of each discrete data can be marked as
frequency of that data value in Discrete type of Data Presentation

Ex 3 : The scores of 100 students in a 10 Marks Physics class test can be
grouped as :

Marks of1]2|3 |4 |5 ]|6 |7 |8]9]10
Number of students | 23| 6]12]18[15]13]16]|8|6]1

Ex 4: The number of studentsin a degree college in various courses :
Course BCom | BMS| BScCS | BIT | BAF
Number of students | 145 98 62 48 80

Grouped Continuous Data
Some suitable class intervals are created and data is placed in the
appropriate class.

Ex 5 : The scores of students in a 100 Marks Calculus class test can be
grouped as :

Marks 0-40 | 40-60 | 60-75 | 75-100
Number of students | 12 32 28 12

Ex 6: Expenses per month of familiesin asociety are:

Expenses in | 10,000- 20,000- 30,000- >40000
Rupees 20,000 30,000 40,000

Number of | 5 12 18 3
families




Ex 7 : Time to manufacture an auto assembly is given in hours

Time (in hrs) 1-3|13-5(57]|79]9-11
Number of assemblies | 1 13 115 112 |3

1.2.2 FREQUENCY DISTRIBUION

After collecting data, it can be organised in some meaningful form.
The data is thus compressed in  systematic manner, for example collected
data can be organised in atabular form.

Ex 8 : Following data gives marks scored by students in a test of 10
marks. Prepare frequency distribution table.
2,4,8,6,3,4,54,86,5,320,3,5,8,9,8,3.

Solution:
Marks Taly Marks | Frequency
0 | 1
1 0
2 || 2
3 L 4
4 L] 3
S L] 3
6 | | 2
7 0
8 L] 4
9 | 1
10 0

Data can aso be grouped with some suitable class Interva in
frequency table.

1.2.2.1 Typesof ClassIntervals

Three methods of making class Intervals are:

a) Exclusive method, b) Inclusive method and ¢) Open end classes.
a) Exlcusive method

The upper limit of a class becomes the lower limit of the next class
in this method.

For example, classes can (10-20), (20-30), (30-40) and so on.

b) Incusive method
In this type the lower limit of a class is kept onemore than the
upper limit of the previsous class.

For example, classes can be (10-19), (20-29), (30-39) and so on.



a) Open end classes
In this type, the lower class limit of the first classis not given. Also
the upper limit of the last class may not be given.

For example, classes can be (<100), (100-200), (200-300), (>300)
1.2.3 GRAPHS

A frequency distribution can be represented by Graphs. Graphs
represent the data pictorically.
Types of Graphs:
a) Frequency curve
b) Histogram
c) O givecurve
d) Stem and Leaf display

1.2.3.1 Frequency curve

Ex 9: Plot Frequency curve

Month Jan | Feb | Mar | April | May | June | July | Aug | Sept | Oct | Nov | Dec

Sales 120 | 135 | 148 | 190 | 212 | 250 | 283 | 312 | 287 | 252 | 313 | 314
(in Lakh)

Sales
350

300
250
200
150
100
50
0

Jan Feb Mar  Apr May Jun Jul Aug = Sep Oct Nov = Dec
Sales| 120 135 148 | 190 212 250 | 283 @ 312 287 252 313 | 314

1.2.3.2 Histogram

In thistype, each classis represented by avertical bar. The bars are
adjacent to each other in Histogram. The areas of the bars are proportional
to the frequencies.



Ex 10 : Plot Histogram

Number of employees
10000-20000 25

20000-30000 15
30000-40000 30
40000-50000 10
Solution :
Histogram
35 4
30
30 4
25
g 25 4
;’ 20
s 15
E 15 4
E 10
2 10 A
5 4
0 .
Salary

(in Rupees thousands)

Ex 11 : Plot Histigram and hence find Mode
Cl | 0-5] 5-10 | 10-15 | 15-20 | 20-25 | 25-30
f ]20 |30 |40 50 30 20

60

50
50 -

40
40

30 30
30

20 20
20

10

2 0 5 10 15 20 25 30

Mode =15.4 (Ans)
1.2.3.3 O give curves
An O give curve represents the cumul ative frequencies for the classes.
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Ex 12 : Prepare Less than and More than cumulative frequency table.

Salary Range | No. of workers

10000-20000 | 125

20000-30000 | 134

30000-40000 | 150

40000-50000 | 85

50000-60000 | 15

Solution :

Salary Range | No. of workers | Less than cf | More than cf
10000-20000 | 125 125 510
20000-30000 | 134 259 385
30000-40000 | 150 409 251
40000-50000 | 85 494 101
50000-60000 | 16 510 16

O give curves are of two types:
a) Lessthan O give curve and b) More than O give curve
a) Lessthan O give curve

Ex 13: Plot Less than Ogive curve

Class | Frequency

10-20 | 12

0-30 |24

30-40 | 43

40-50 | 38

50-60 | 22

60-70 | 11

Solution :
Class | Frequency | Cumulative
frequency

0-10 |O 0
10-20 | 12 12
20-30 | 24 36
30-40 | 43 79
40-50 | 38 117
50-60 | 22 139
60-70 | 11 150




Less than O give

cumulative frequency
N B3 [=1) 00 5 ~ : @
(=] (=] (=] ] 8 (=] (=] 8

(=]

10 20 30 40 50 60

Class Intervals

Ex 14: Plot More than Ogive curve

Class | Frequency
510 |25
10-15 | 30
15-20 | 35
20-25 | 38
25-30 | 22
35-40 | 11
40-45 | 5
45-50 | 4
Solution :
Class | Frequency | More than
Cumulative
frequency
5-10 o h25 70
10-15 | i 3155“3
180 15-20 | 35 115
160 \ 20-25 | 38 80
- Rasd 2530 | 22 42
§ = 35-40] 11 20
£ 40-45 | 55 9
g 4550 [4 N\ |4
g 5055 [0 N0
20 K
0

5 10 15 20 25 30 35 40

Class Interval




Ex 15: Plot Less than O give curve and hence find Median.

Cl ] 0-10 ] 10-20 | 20-30 | 30-40 | 40-50 | 50-60
f 115 |32 41 45 28 15

Solution :

Cl ] 0-10 | 10-20 | 20-30 | 30-40 | 40-50 | 50-60
f |15 |32 43 45 28 15
Cf|15 |47 90 135 [163 |1/8

{ 140
{ 120
{ 100

{ 80
i 60 -

i 40

0 10 20 30 40 50 60 70

Median = 29, the point of intersection of cf and Rank lines Ans)

Ex 16 : Plot Lessthan and More than O give curves

Range | f
10-20 | 5
20-30 | 15
30-40 | 20
40-50 | 10
50-60 | 10
Solution :
Range | f | Lessthan cf | Morethan cf
10-20 |5 |5 60
20-30 [ 15] 20 55
30-40 | 20| 40 40
40-50 | 10 | 50 20
50-60 | 10| 60 10




70

60

50

40

30

20

10

0 10 20 30 40 50 60 70

e | ess than cf More than cf

1.2.3.4 Stem and L eaf display
Stem and Leaf plot shows exact value of individual observation. It
uses ungrouped data.

Stepsto draw Stem and L eaf plot :

1) Divide each value of the observation into two parts. One part consisting
of one or more digits as stem and rest digits as leaf.

2) The stem values are listed on the left of the vertical line and each leaf
value corresponding to the stem iswritten in horizonta line to the right
of the stem in the increasing order.

3) The stem and the leaf display gives us the ordered data and the shape of
the distribution.

Ex 17 : Display the given data as stem and |eaf

42, 53, 65, 63, 61, 77, 47, 56, 74, 60, 64, 68, 45, 55, 57, 82, 42, 35, 39, 51,

65, 55, 33, 76, 70, 50, 52, 54, 45, 46, 25, 36, 59, 63, 83.

Solution :
Stem | Leaf
2 5
3 3,56,9
4 2,2,556,7,9
5 0,1,2,33,4,55,6,7
6 0,1,3,4,55,8
7 0,4,6,7
8 2,3

Comparison of Histogram and Stem and L eaf plot :

1) Stem and Leaf display issimpleto plot

2) Data can be easily seen in both stem and Leaf and Histogram.
3) Hsitogram is more suitable for large data set.



1.3 SUMMARY

1) Data can be of ungrouped or grouped (discrete or continuous) type

2) Frequency table gives count of observations of each variable or each
class

3) Frequency curve gives datatrend over period of time

4) Histogram gives pictorial representation of datain each class

5) O give curve plots cumulative frequencies in successice classs

6) Stem and Leaf plot gives more clear picture of individual data

1.4 EXERCISE

1) Explain various types of distributons with suitable examples for each.
2) Plot frequency curve

Quarter | Expenses
(in K)

| 25

1 32

[l 35

v 25

3) Plot Histogram

Class | Frequency
0-4 15
4-8 22
812 |32
12-16 | 25
16-20 | 22
4) Plot Less than O give curve
Class | Freguency
10-20 | 20
20-30 | 36
30-40 | 45
40-50 | 62
50-60 | 27
60-70 | 20

5) Plot More than O give curve

Class Frequency
0-20 15
20-40 |16
40-60 | 32
60-80 |24
80-100 | 22
100-120 | 20

10



6) Draw stem and leaf plot
22,25, 28, 32, 35, 21, 42, 42, 53, 52, 33, 35, 46, 51, 44, 34, 42, 53

7) Draw stem and leaf plot
15, 22, 26, 35, 24, 21, 25, 30, 35, 38, 24, 26, 26, 29, 32, 38, 27, 33, 35,
24,25

1.5LIST OFREFERENCES

1) Probability, Statistics, design of experiments and queuing theory with
applications of Compter Science, S. K. Trivedi, PHI

2) Applied Statistics, S C Gupta, S Chand
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MEASURES OF CENTRAL TENDENCY
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2.3 Summary
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2.00BJECTIVE

Learnr will be able to understand concept of Averages. Also
learner will be able to take decision on correct selection of centra value
for the given distribution.

2.1INTRODUCTION

It isrequired to convert the given set of datainto some form which
can represent the data. Such reduced or compressed form should be easy
to interpret the distribution and aso it should allow further algebraic
treatment. Averages are such compact form of the distribution. Such

12



compact form to represent central tendency of the distribution can also be
calles Averages.

Objective of a good measures of central tendency :
1) To condense the datain asingle value
2) To enable comprison among various data sets

Requisites of a good Measure of Sentral tendency :
1) It should be rigidly defined.

2) It should be simple to nderstand and interpret.

3) It should cover al observationsin the data set.

4) 1t should be capable of further algebraic treatment.
5) It should have good sampling stability.

6) It should not be undulyaffeted by extreme values.
7) 1t should be easy to calculate.

2.2 MEASURES OF CENTRAL TENDENCY

Typesof Averages:

There are three types of Averages : Mean, Median and Mode. Also
there are some more types like Geometric Mean, Harmonic Mean and
Quantiles.

221 MEAN

2.2.1.1 Mean of Ungrouped Data(x™ )

For Ungrouped Data :

Xy + X +Xa + X0+ 4 X
T: 1 & &3 @ T

¥
LS

This can also bewritten as :

wi=T o
—__ &=y e T —
X= p or SUMpLy X =

.
P

T

Ex 1: Fnd Arithmetic Mean of 4, 5, 2,5, 7

Solution :

X=4.6 (Ans)
2.2.1.2 Mean of Grouped (Discrete) Data (X )
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For Grouped (discrete) Data :

£ .
=_ JT1k1
X =

£ .
fa2i
4
; 4

+ JaX
1

+

(5]

f
rl

f
rl

. R J'c Xy
or simplv x = —
L - z-’j.i

Ex 2 : Find Arithmetic Mean (AM) of

X|1 12 |3 |4 |5
f 120]12]25(23]30
Solution :
X f fX
1 20 120
2 12 | 24
3 25 |75
4 23 |92
5 30 | 150
Total | 110 | 361
L 2R
x="2lt= — =328
X 110
Mean, X = 3.28 (Ans)

Ex 3 : Marks obtained by students of Discrete mathematics class are as

given below. Find AM.

Marks 11213 |4|516]|7 |8 119 |10
No of students| 12| 25123 30|23]24]112126]13| 3
Solution :
Marks, X 112 13 |4 5 6 7 |8 9 10| Total
No of |12]125]123]130 |23 |24 18|27 |14 |3 |191
students, f
X 121501691120 115| 144|184 ]| 2081 117 | 30| 949
X fixy 949 o
y=20 - T 7 — 40y
X/ 191
Mean, X =4.97 (Ans)
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2.2.1.3 Mean of Grouped (Continuous) Data (X~ )

For Grouped (continuous) Data :

f

v+ fowv. o4 fo ~wen L fow
Jiv1 VJZ2 V)3 T inen

a
A

¥

~F
1

=+

£ . £ . r cee 2 £
JiTJizTJ3 T in

X, is class mark and it is middle value of the respective class
This can also be written as:

or simplv o
F ¥f

Ex 4 : Find Arithmetic Mean (AM) of

Class 15- |20- |25 |30- |35 |40- |45- |50- |55
Interval 20 25 30 35 40 45 50 55 60
f 4 5 11 6 5 8 9 6 4
Solution :
Class 15- | 20- 25- 30- | 35 40- | 45- 50- | 55-
Interval | 20 25 30 35 40 45 50 55 60
f 4 5 11 6 5 8 9 6 4
Class 175|225 | 275 |325|375 |425|475 |525|575
Mark, X
fx 70 112513025]195 | 1875|340 | 4275|315 | 230
_ Efix; 2180 .
X=—m= = = 3/.09

Xf; h8
Mean, X —37.59 (Ans)
Ex 5: Find Arithmetic Mean (AM) of

Class Interval | 10-20 | 20-30 | 30-40 | 40-50 | 50-60
f 15 12 18 19 21

Solution :

Class Interval | 10-20 | 20-30 | 30-40 | 40-50 | 50-60 | Total

f 15 12 18 19 21 85

ClassMark, x | 15 25 35 45 55

fX 225 300 630 855 1155 | 3165

Tfix; 3165
x="2t= T 7= 3724
Mean, X =37.24 (Ans)
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2.2.1.4 Meritsand Demerits of AM

Merits of AM
(i) Itisrigidly defined
(i) It iseasy to calculate and easy to understand
(iii) It is based on al observations
(iv) It is capable of further agebraic treatment

Demerits of AM
(i) It is affected by extreme values
(i) It isnot possible to calculate AM for open end class intervals
(iii) It isunduly affected by extreme values
(iv) It may be number which itself may not be present in data

2.2.2MEDIAN

2.2.2.1 Median of Ungrouped Data (M)

Median is the positional average of the data set.
Data needs to be arranged in ascending order to find the Median.
Median is middle value when there are odd number of observations.

Median is average of middle two values when there are even number of
observations.

Ex 6: Find Medianof 5, 4, 3,6, 8,2, 5
Solution : Arrange the datain ascending order.
2,3,4,55,6,8

Median =5 (Ans)

Ex 7: Find Medianof 2,4, 3,6,8,2,5,6
Solution : Arrange the datain ascending order.
2,2,3,4,5,6,6,8

4+5  _
Median="2 —*> (Ans)

2.2.2.2 Median of Grouped(discrete) Data (M}

Use cumul ative frequency to find Median of Grouped(discrete) data.

Ex 8 : Find Median

—h

20112]125]23]30

Solution :

—h

2011212512330
Cf 120[32|75]98] 128
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N =128

Rank = (N+1)/2 = 129/2 = 64.5

Cf valuefirst exceed Rank at 75. So, corresponding X valueis Median
Median =3 (Ans)

2.2.2.3 Median of Grouped(continuous) Data (M1

Use cumul ative frequency to find Median of Grouped(continuous) data.

Steps:
1) Arrange datain ascending order

2) Obtain cumulative frequency against each class

3) Find sum of al frequencies (N).

4) Find Rank, R=N/2

5) Locate a cumulative frequency which first appears higher than Rank
6) Use given formulato find Median

Median, M =1, +}
L

Where,

R — Ranl —
LLLF %
-
4
am F — marprriane memarlatiie Faesmrisneas
'JL-: - P! CrLv Lo LuirtuiruwenL v , I Elf I.al.-E-JI.—L-_‘}-
Y SN JUPRSRRN i I S ESN PRSI
] = JTEQUETNCY O] MM EALATL CLASS

Ex 9: Find Median
Class Interval | 0-10 | 10-20 | 20-30 | 30-40 | 40-50

F 2 12 25 23 3
Solution :
Class Interval | 0-10 | 10-20 | 20-30 | 30-40 | 40-50
f 2 12 25 23 3
Cf 2 14 39 62 65
N 65
R =Rank =—=—= 325
2 2 _
o R —pefXl; -4
Median, M =1, +} 7 |

[(32.5 —14)(30 — 20)]

(18.5)(10)
M =20+ - +]

= |= zo+[%]= 20+ 7.4 =274
~27.4 (Ans)
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Ex 10 : Find Median

ClassInterva |10- |20- |30- |[40- |50- |60- |70- | 80-
20 30 40 50 60 70 80 90

F 16 21 20 28 10 3 1 1

Solution :

ClassInterval | 10- | 20- | 30- | 40- |50- | 60- | 70- | 80- | Tota
20 ]30 [40 |50 |60 |70 |80 |90

f 16 |21 20 |28 10 |3 1 1 100
Cf 16 |37 |57 |8 |9 [98 |99 | 100
N 100 _
E =HKank =—-= = bho
- FL[H —pcfMi, — N
Afmd i A — T FA e il |
MEQLETL, v = 1 | .— 1
L I 1
50— 34330 — Zon
A — 2y o 1 T l— 25 0a
M = o T P | — 20.0u
L 0 1
M =36.50 (Ans)

2.2.2.4 Meritsand Demerits of MEDIAN

Merits of Median
(1) It isnot affected by extreme value

(i) It is easy to calculate. Sometimes, Median can be found out simply by
observation

(iii) It can be located Graphically
(iv) It is easy to understand and easy to calulate

Demerits of Median

(1) 1t does not include all datain the data set

(i) For larger data sets, arranging numbers in ascending order is tedious
(iii) It is not capable of further algebraic treatment

(iv) It does not capture small changesin data set

2.2.3MODE
Mode is the highest occuring number in the distribution, or it is the
number with the highest frquency.

2.2.3.1 Mode of Ungrouped Data (£ )

Mode of ungrouped data can be simply obtained by observation.
Arrange all the numbers in the ascending (or descending) order and count
the occurrence of each number. The number with thehighest or most
occurrence is Mode. There can bemore than Mode in the distribution.

Ex11: Find Modeof 7,5, 8,7,6,8,2,7
18




Solution : Arranging inascending order : 2, 8,6,7,7,7,8, 8
Since number 7 occurred highest number of times, i.e. three times,
Mode=7 (Ans)

Ex 12: Find Modeof 7,5, 8,7,6,8,2,7,8

Solution : Arranging inascending order : 2,8,6,7,7,7,8, 8,8
Two numbres 7 and 8 bith occurred three times,

Mode=7 and Mode=8 (Ans)

2.2.3.2 Mode of Grouped (discrete) Data {# )
Ex 13: Find Mode

X]2 |3 |4 |[5]|6]7]8
F|112]25]28]63]54|53| 17

Since highest frequency is 63, corresponding X valueis Mode.
Mode=5 (Ans)

2.2.3.3 Mode of Grouped (continuous) Data (£ )
Following formula is to be used to find Mode of grouped
(continuous) data.

(f — R0, —I.n
AfnAn 7 T 177 ¢ < il |
I‘I'IJI.!.I':’I —J'1—|'I — T L I
L 2fh —fo—fo 1
Where,
£ fa - ad
'l [ E 8 L =
N - _ T iy 1. — A T T T ____
JTa=1 JUENCY O] CLASS QUoVE MOt CUIASS
f» = frequency of class below Modal class
i, = lower limit of Modal class
1. — smmer limit of Madal clace
Lz LIPFC e l_F-'l LALLLEL L& )

Ex 14 : Find Mode
Range | 0-4 | 4-8 | 8-12 | 12-16 | 16-20

F 12 125 |28 |63 54
Since hhighest frequency is 63, classinterval [12-16] is Modal class.
i £ £ 2T I %
oy — 4]

Mode=15.18 (Ans)

Ex 15 : Find Mode
Range | 0-10 | 10-20 | 20-30 | 30-40
F 12 25 28 63

Since highest frequency is 63, classinterval [30-40] isModal class.

19



Mode = 33.57 (Ans)

2.2.3.4 Meritsand Demerits of MODE

Merits of Mode
(1) It isnot affected by extreme value

(i) It is easy to caculate. Sometimes, Mode can be found out simply by
observation

(iii) It can be located Graphically
(iv) It is easy to understand and easy to calulate

Demerits of Mode
(1) 1t does not include all datain the data set
(if) Mode is not unique, hence not suitable for further algebraic treatment.

(iii) It does not capture small changes in data set

Ex 16 : The following are the weights of 30 wooden logs :

132, 166, 134, 119, 151, 114, 138, 124, 130, 132,

142, 121, 144, 147, 126, 104, 143, 129, 108, 111,

155, 131, 157, 137, 145, 122, 148, 139, 135, 136.

Arrange the data in a frequency table with class interva of 10 kg. each.

Thefirst interval being 100-110. Find Arithmetic Mean (AM), Median and
Mode.

Solution :

Class Mid Tally Frequency | X Cumulative

Interval value mark ) Frequency
X) (cf)

100-110 105 || 2 210 2

110-120 115 |]] 3 345 5

120-130 125 TH 5 625 10

130-140 135 THHI TN | 10 1350 20

140-150 145 THH | 6 870 26

150-160 155 |]] 3 465 29

160-170 165 | 1 165 30
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X=———= ——= 13433 kg
2T 30 =
Mean’}"':l;i‘!'.-ii (Ansl)
Median
N 3o
D _ DRl - — 1c
ALV — Lwueirine — —_ —_— L.
Z Z
MR _»n~fWl_ 1. M
ne T nr P ol g A2 17]
Mmeatran, i =1L +1 — 1
B | f 1
M15 — ToW140 — 1281
ns T e A | -
M = 13U+ 1] - 1= 135
I 1o 1
M =135 (Ans?2)
Mode
[ R T R R} |
nw 1 _ s T |vJ1i i PAG] 1]
Mode, £ =1, +1 S
Sl 2 -t ]

-~

I'7_"')1'\.'
4 = ol 4|
L

J—
|

|
|

o

A
L1u)

Mode = 135.56 (Ans3)

224 RELATIONSHIP BETWEEN MEAN, MEDIAN AND MODE

For moderately assymetrical distributions, the empirica formula
relating Mean, Median and Mode is:

Ex 17 : Find Mode if Mean is12 and Median is 15
Solution

2.3 SUMMARY

Averages (Mean, Median and Mode) represent the central valuein
the distribution. The formula for central value depends upon the type of
data. Different data sets can be compared using averages of each data set.
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2.4 EXERCISE

1) FindAM of 5, 3,2, 12,5, 6,9

2) Find AM of

Class Intervd

0-10

10-20

20-30

30-40

40-50

f

125

123

234

220

101

3) Find Median class interval from the following distribution

X | 200-202 | 202-204 | 204-206 | 206-208 | 208-210
f 145 320 445 469 342
4) Find Median
X 110 |12 |14 |16 |18
f 1210]223]245]| 268 | 213
5) Find Median
X 10-4]4-8]8-12]12-16 | 16-20
F |65 |56 |43 |69 34
6) Find Mode
X |6 |7 |8 ]9 ]10]11
F |]21]123]125]37|21|15
7) Find Mode
Range | 0-100 | 100-200 | 200-300 | 300-400 | 400-500
F 123 | 145 180 162 121

8) Find Mode if Median is 54 and Mean is 62

2.5LIST OFREFERENCES

1) Probability, Statistics, design of experiments and queuing theory with

applications of Compter Science, S. K. Trivedi, PHI
2) Applied Statistics, S C Gupta, S Chand
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MEASURES OF DISPERSION

Unit Structure
3.0 Objective
3.1 Introduction
3.2 Measures of Dispersion
3.2.1 Variance
3.2.1.1 Variance of Ungrouped data
3.2.1.2 Variance of Grouped Discrete data
3.2.1.3 Variance of Grouped Continuous data
3.2.2 Standard Deviation
3.2.2.1 Standard Deviation of Ungrouped data
3.2.2.2 Standard Deviation of Grouped Discrete data
3.2.2.3 Standard Deviation of Grouped Continuous data
3.2.2.4 Combined Mean and combined standard Deviation
3.2.3 Co efficient of Variation (CoV)
3.2.4 Quartiles
3.3 Summary
3.4 Exercise
3.5 List of References

3.00BJECTIVE

The understanding of Dispersion (or deviation) is essentiad to
completely understand and anlyse the distribution alongwith Central
Tendencies. Variance, Standard Deviation and Quantiles sare useful in
Data analysis. This unit helsp learner to analyse distribution using
measures of deviations.

3.1 INTRODUCTION

The central value of the data can be represented by Averages, the
spread of data can be exlained with the help of Measure of Dispersion.

3.2 MEASURES OF DISPERSIONS

Measure of Dispersion serve the objective of determining the
reliability of an average and compare the variability of different
distributions.
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Requisite of a Good M easur e of Dispersion :
1) It should b erogodly defined.
2) It should covr all observationsin the distribution
3) It should have Sampling stability
4) It shuld be capable of further Mathematical treatment
5) It should not be duly affected by extreme values

Someimportant Measures of Disersion are:
1) Variance (V)
2) Standard Deviation (SD)
3) Quartile Deviation (QD)
4) Range

3.2.1Variance

The Arithmetic Mean of squares of deviations taken from
Arithmetic Mean is called Variance.

3.2.1.1 Variance of Ungrouped data

Y(r — 7)?

T

i1— _i -
7 1: I— % 2] e o
it | A | At [ S
|i'. ] Wwniere A = ——
= y 7i
Ex 1: Find Varianceof 3,6, 8,1, 3
1w 1
ren W 21 2
VlJ‘-J—EI A I_ (&)
Solution : L 4
riio S
Vivy =1 I — 4 2
(S el B | Ly
L 5 a
V({x) =6.2 (Ans)

Ex 2 : Find Variance of

12124]123]18
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Solution :

X 14 |5 6 I Total
F |12]124 |23 |18 |77
x2|16]125 |36 |49 |-

Fx 148]120] 138 126 | 432

¥ x4
ey 1T/ ] Fen2
VIAI= 1=+ 11— W)

L ZF 1

25021
iy | 1 _ /e s1n2
VAXI = =1~ 204

L /7 1
Vix)= 1.0 (Ans)

3.2.1.3Variance of Grouped (continuous) data

. Eflx — 1%
Vravrinnrs ViY== 7& — -~ =
LR E S L ¥ L&) - r
Lj
Alternate and more convinient formulafor Varianceis,
Eix®) T £
ey — 17 I_ ren2 PRV [ U SN SRS SR
LR I =~ | LR = _ , WfG X i5 vRC CLOs5 Fridig
L&l 1 , where, L]

Ex 3: Find Variance of
X]10-4]|4-8|812| 12-16
Fl12 |24 | 23 18

Solution :
X 0-4]4-8|812 | 12-16| Totd
f 12 |24 |23 18 77
X 2 6 10 14 -
x2 |4 |36 |100 | 196 -
Fx |48 |120] 138 | 126 650
fx2 | 48 | 864 | 2300 | 3528 | 6740
P fx2y
iy =12 1_ v 2
VA= T 1 W
L& 1
o740y .
V(x)=|—]- (844)*
Vix)= lé; (Ans)

3.2.2 Standard Deviation

Standard Deviation is square root of the variance. One can find
variance and then take square root of variance, which will give standard
deviation

3.2.2.1 Standard Deviation of Ungrouped data

vz
I.I-I.l\.
|

I 1
| ] P
I | — LX)
Jinl
Ex 4 : Find standard deviationof 3,6, 8, 1, 3
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o O
LA 4 -
X=—F—= 4.2
xf
fen . 2
. &A™ ] s
gd = |l I— [T)
I oa 1 i
"L re a1
ilrllg'l
=7 — Jl I _ (4 72
o "I . I k_.l'..n’—j
L 5 1
_ T Jf L
51 =v0. <L
sd =Z.48 (Ans)
Ex 5 : Find standard deviation of 49, 63, 46, 59, 65, 52, 60, 54
_ ¥x 448 _ _ _ _
= —= 5(3_(_(_
hn 2
I
nmLx=1 i
cd = I (+)2
AL 1T
Ir?2541971
¥ jl=—tLla] P
sa = [l I— (ob)=
JUos | ’
_ T J.IJ'\. -
S =v¥4U.b
sd =6.36 (Ans)

3.2.2.2 Standard Deviation of Grouped (discrete) data

Standard deviation of Grouped (discrete) data can be found out by
taking square root of variance

Ex 6 : Find Standard Deviation

X12]|3l4|5]6|7]|8]9
f121314]2]|5]|3|2]1
Solution :
X 213 |14 |56 |7 [8 |9 |Tota
f 213 14 |2 |5 |3 |2 |1 |22
fx |4]9 |16]10]30 |21 [16 |9 |115
Fx2|8|27]|64|50]180|147|128| 81| 685

|.-'rl L F
_ || F Yo | S
sd — 1l I— (x)
I v 1 A
AL &= 1
| £0e_
5 ~~=+] o v
Sl =All——1— 2.£43)"°
L2272 1
sd =¥3.8=19s
sd =1.95 (Ans)
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3.2.2.3 Standard Deviation of Grouped (continuous) data

Standard deviation of Grouped (continuous) data can be found out
by taking square root of variance

Ex 7 : Find standard deviation

X 0-10 |10- |20- |30- |[40- |50- |60- |70- |Tota
20 30 40 50 60 70 80

F 2 S 3 6 4 2 1 1

fX

3.2.2.4Combined M ean and combined Standard Deviation
Combined Mean :

Combined Mean of two data sets can be found out using following
formula.

a4 -
¥ A A

g 115 T 7125,
COrmLaLriec ME:’LLTL, X =
n; +n,;
Ex 8 : Find combined Mean of following data sets.
Setl]| Set?2
Number of observations | 25 45
Mean 8 9
Solution
M.F. L _F_
I P VL I [ S - TTLvL v Thava
LOUTTLODLNE L (VI E y A =
ny + N,

(25)(8) + (45)(9) 200+ 405 605
ey R R I " - __ - — — — O Foa
LUTTULIER (M EUr, A = p— L - — = S — o.us

£ + “4h S0 A0
Falm PR B 1 S o A
Lompinea Medn = o. o4 (Ans)
Ex 9 : Find Combined Mean
Setl| Set2| Set 3
Number of observations | 120 | 135 | 145
Mean 51 48 46
Solution :
e 4o X T iy T 735
Lombinea Mean, Xr=
r1 4+ Fl. 4Tl
il L - 1

120G F12ed Ay L F1TAEN ALY
. oL VLLW\JL) T LI J\TO) VLTI TO ) o
Lombinea Mean ¥r= = 48.17

’ 51+40+ 45
Combined Mean = 48.17 (Ans)
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Combined Standard Deviation :

o [pafGTE +dD) + o023 +d3)

Combined Standard Deviation,

N [(n]; +n;)
Where,
di=(x-7T7)* and di=(x-%3)

Ex 10 : Find Combined Mean and Combined Standard Deviation :

Group 1 | Group 2
No. of observations | 32 25
Mean 12 14
SD 3 4
Solution :
Group 1 | Group 2
No. of observations | n, =32 | n, =25
Mean %, =12 | %, =14
SD S-:1 =3 Sd?_ =4
A2 _ n -2 _ 1.
Siiy =9 | 5a5 = 16
M1Xy +NpX5
Combined Mean, fr=—=
iy i Fiyz
(32)(12) + (25)(14) 384 + 350 734
Combined Mean, Tr= = = —=12.87
32+ 25 57 57
Combined Mean = 1Z.87
AZ — (¥ — %Y  and AZ — (v — 7
| LS W beria ez Ve T AR
A2 _ 12 07 1212 ran T A2 _ (1707 _ 1Ax2
l./l—l I\J..I'—-U! J..l’-l)l' oLt l.el'z kJ..ﬁ-U! J._.I"]'
T ooy T TF _ A4 b
Uy — U./0 Cirict iy — 1.£0
()2 +d2)+n,[(c]2 +dZ
Combined Standard Deviation, g= fnl (o] 1 20(0d 2)
\J [(njl +1,)
32)(9 +0.76) + (25)(16 + 1.26
Combined Standard Deviation, o= J( X ) +25)C )
J (32 +25)
Combined Standard Deviation, o= 3.61 (Ans)

3.2.3 Coefficient of Variation (CV)

The Coefficient of Variation is the ratio of standard deviation to
the arithmetic mean expressed as percentage.

'V =

100

M| C

CV can be used to know the consistency of the data. A distribution
with smaler CV is more consistent than the other one. CV is also useful
for comparing two or more sets of data that are measued in different units
of measurement.
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Ex 11 : Find coefficient of variation of 2,5, 4, 1 and 3

Me 1
S D | - ] | Fey2
S = ”ri.i I_ LX)
Solution : AL .
Jre v
-2 P,
sd = II—I— (3)=
dl gl S
"L" X
7 i~
501 =v£&
sd =1.41
T
LV =— 100
X
1.41
v 100 = 0.47
3 X 100 =47% (Ans)

3.2.4 Quartile Deviation (QD)

Quartile Deviation is defined as,

o Q _Q1
an =
Where, Q3 is upper (third) quartil and Q1 is lower (first) quartile.
U: isdefined as,
A 1 f(p —pef)ly - ‘{1)} ¢
Gi=1i 1+ ra | R=—2N T S
I I I, where 4 fort = 1,2073
Coefficient of QD is defined as,
. W3 Wi
Ui =
T Qa0
Ex 12 : Find QD
ClassInterval | 0-10] 10-20 | 20-30 | 30-40 | 40-50
f 2 12 25 23 3
Solution :
ClassInterval | 0-10| 10-20 | 20-30 | 30-40 | 40-50
f 2 12 25 23 3
Cf 2 14 39 62 65
Tofind Q3:
2 2
R = Rank =4f‘v’ = =65 = 4875

4
Select cumulative frequency value higher or equal to Rank,

V
. JR=pchHd, - 1]
Us =10+ +1 — |
R f 1
0. =30+ {(48 75 — 2;)(40 30| _ 304 I(9.75)(1o)] 304 [97 5] 304423

.34 972
Y3 = 27. 40
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Tofind Q1 :

R = Rank =

4
A
—N=—-=65=16.25
4 4

. R —pchHitd, - 1]
Oy =1; 1 - I
R I/ |
B [(16.25 — 14)(30 — 20)] _ 2.25)(10)] _ 225]
Q=120+| 5% = 20+ 200 = 20+ [50] = 20 4+ 09
Q,=20.9
Us— Qg  34.23— 209
an — — — £ 6o
\d.l..! - - L -
A 2
QD =06.69 (Ans)

Ex 13 : Find Co-efficient of QD
ClassInterval | 0-2|2-4]4-6]|6-8]| 8-10

f 14 118 |21 |20 | 12
Solution :
ClassiInterval | 0-2]2-4]|4-6|6-8] 8-10
f 14 |18 |21 |20 | 12
Cf 14 |32 |53 |73 |85
Tofind O3:
3 3
B =Rank =—-N =-+=85 = 63.75
4 4

Select cumulative frequency value higher or equal to Rank,
. IR —pcfidd, - 1]

F oA

=1 2l
3T F i

L i i |

IFR"? TR _ B3 _ el
A o I\_UJ.!J JJJ\U \JJI_ - e
e — O] - |— /.UVo
B L <0 1
0. —708
x3 i
Tofind Q1 :

Select cumulative frequency value higher or equal to Rank,

IR —pnefwl, — 1.7
o P I ) iNva 17]
171 v £ |
1 I 1
rey4 A rE A oward .
-~ 5 o e l.ed — 18 0F — 2])] a0
Gy =2+1 — 1= 2.81
| 18 |



(Ans)

Merits and Demerits of OD

Meritsof QD :

1) Itisrigidly defined
2) Itisnot affected by extreme values
3) It can be calculated with open end class intervals

Demeritsof OD :

1) Itisnot based on all observations
2) It ismuch affected by sampling fluctuations

3.3SUMMARY

1) Standard Deviation and Variance are two important measures of
Dispersion.

2) Coefficient of Variation is the ration of standard deviation to mean
expressed as percentage.

3.4 EXERCISE

1) Find SD of 4, 6, 2, 8, 2

2) Find Variance of

X]12 |3 |14 |5 ]6
F|65|78]110]| 88| 86

3) Find Standard Deviation of

Range | 10-20 | 20-30 | 30-40 | 40-50 | 50-60 | 60-70 | 70-80
F 5 4 8 9 4 5 3

4) Find QD and Coefficient of QD of

Range

4-8

8-12

12-16

16-20

20-24

24-28

F

12

24

18

16

12
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5) Find Combined Mean and Combined Standard Deviation

Group 1| Group 2 | Group 3
No. of observations | 120 135 130
Mean 13 16 15

SD 3 5 4

3.5LIST OFREFERENCES

1) Probability, Statistics, design of experiments and queuing theory with
applications of Compter Science, S. K. Trivedi, PHI

2) Applied Statistics, S C Gupta, S Chand
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MOMENTS, SKEWNESSAND KURTOSIS

Unit Structure

4.0 Objective

4.1 Introduction

4.2 Moments

4.3 Relation between Central moments and Raw moments
4.4 Skewness

4.5 Kurtosis

4.6 Summary

4.7 Exercise

4.8 List of References

4.0 OBJECTIVE

Moments are used to describe characteristics of a distribution such
as central tendency, dispersion. Skewness refers to the lack of symmetry
of the curve on both sides, whereas, Kurtosis referes to peakedness of the
normal distribution curve.

4.1 INTRODUCTION

Moments are a family of equations, each representing a different
quantity.

Skewness refers to lack of symmetry in the distribution, whereas
Kurtosis refers to peakedness of the normal distribution curve.

Skewness is represented by either Karl Pearson’s measure or Bowley’s
measure of Skewness.

4.2 MOMENTS

Moments can be defined as arithmetic mean of different powers of
deviations of observations from a particular value. When that particlular
value is zero, moment is caled raw moment, and when that value is
mean, moment is called central moment.
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For ungrouped data:

n are data values, the

=
'xl
]
=
e
ls
2
3
]
P
L
i
a
=

wherer = 0,1, 2, ..

Central Moment for ungrouped datais given as:
TG — XY , o
o =—, wherer = 0,1,2, ..
hn

In general Moment around a point ais given as

Viw. _ T

LAy — iy . i

Uy =————, wherer = 0,1, 2, ..
n

For Grouped data:

If X4,%9, ..., X, are data values(or class marks) with corresponding frequency values as

Central Moment for grouped dataisgiven as:

L I -
2iiXi—x) .
W = =, wherer = 0,1,2, ..
\re) » I
e L

In general Moment around a point ais given as

. — ark oo 9 —
r Kl LGl - o

r
;
=)

1 2
PR -

Ex 1: Find first four raw moments of following data :
X112 |3 1|4 |5
f 1]12]15]18] 15

Solution :
X |f |IX | Fx2 | £fx3 | Fx¢
2 |12]124 |48 |96 192
3 15|45 | 135 | 405 | 1215
4 |18]72 | 288 | 1152 | 4608
5 15|75 | 375 | 1875| 9375
Total | 14| 60| 216 | 846 | 3528 | 15390
N el
- W o m r i J 1
hdaw OomenLs Illm— 3
216
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i 846 14 1

Second Raw Moment :#2~ 60 — ~ %
3528 _
P — o o
Third Raw Moment :*? ~ ~ &0 ve-0
4 =30

p_1039U . o

Fourth Raw Moment :*¢ =~ 6o~ <°>° (Ans)

4.3 RELATION BETWEEN CENTRAL MOMENTSAND
RAW MOMENTS

Vo T
; LAy s
.. = wherer = 1,1.2
ror ) ¥ ¥ ¥
n

vyl
- P r it i
forr =101y = =1

n

— —=

¥(x; —x)
fra o — T — 1
_!' wr o _ P‘I.'n_ -

T
.1
- .Y ]
forr—=—1 . = = =
i 1 o
i
Yx; —x)! : _y .
forr=1, ;= =0 since the sum of deviations from mean is zero
n

forr—=2 0. =i — (12
r YL ML e il L
frr » — 2 7] o n, — 3 ]" TS "'.H"rul'l"li3
jori S Ha Hz = 3pafly T alalig Ja
£ A - [ L LI I - R e RN T )
jurit — -1, Mg = Mg = FHaflq T Ol R, JA EAVLEG B

For grouped data, these results can be proved by replacing

A . o
Y Yy with Y ¥
£ £

s

4.4 SKEWNESS

Skewness refers to deviation from (or lack of) symmetry. A curve
which is not symmetric about any central vlaue on both the sides is called
skewed curve. When data is perfectly symmetrical about both the sides,
mean, median and mode coinicide at the central point. In case of
skewness, they change their position relative to each other.

Skewness can positive or negative.
Skewness measurement can be Absolute or Relative.

Absolute measur es of Skewness :

There are two absolute measures.
1) Karl Pearson’s measure of Skewness = Mean - Mode

2) Bowley's measure of Skewness = (€@x — @) — (@, — @1,
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Where,

Relative measur es of Skewness :

There are three rel ative measures of Skewness.

. . . Mean — Mode
1) Karl Pearson s coefficient of Skewness, SKp = —d

o

-

£ - o T T . i
] n S WL IL Wy posicively s

Py
%
=

Py
‘-...'_I
%]
I
=
=
[
[
%]

..
k-]
[
[
£
[
{
;
b
c

Py
—
Ly
=
3
Al
=)
—
~
.
L]
=
2]
[.:I
f
[ms
i
=
1]
o
-
L
!1'
av]
-
=
v}
(=
EI
fac
=
vl

Q) - (@, - +Q, -2
2) Bowley's coefficient of Skewness, SKg= ©s 213 22 21) = Qs + €, —29,)
Q23 e

A rrny s
17 L dz — s

!
W
(==

SKg = 0,it is symmetric curve
» < 0,it is negatively skewed curve

Bowley’s coefficient of Skewness lies between -1to +1

”3
YTt o D] o Mk P ~3
MRENILLVE THNEONUT E DNHINEL O IVTOTIEETIE N, My =—
3) s
LA
A — 17 oi v o0 Foar Aononde 1mnn the cian nf
rl _IFl, IJ-L-HII' UJ r1 Lt '.'I.‘ll—l.r@-l_'! LI-FU!I— L I_'F-lel— UJ Ha
TL [P P i PR S R
iy SLLLFELY SHEWEL LWr e

rx 22
i o= =44
Solution : Mean= n 5
Mode=5
¥x? Moo
) Ja A v owm [EAY e m o
gd = | —_ ‘x‘]:. — -\_J _ [_4 4']‘. -0.8
+n 5
Mean — Mode 44 —5
Sll = = __‘:!.?5 .
? sd 0.8 (negavive skewness)
(Ans)

Ex 3:Find Bowley’s coefficient of Skewness for the following data
Score 0-20 | 20-40 | 40-60 | 60-80 | 80-100
Number of student | 15 | 25 32 35 16
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Solution :

Score 0-20 | 20-40 | 40-60 | 60-80 | 80-100
Number of student | 15 | 25 32 35 16
cf 15 |40 72 107 | 123
- s L Ta "
. S MU da Ty = 2Wa)
Bowlov e moasure of Skownoesgs SE- =
4 s ’ B TNl — N\
) LAY 43 Y1/
Tofind Q1
1 1
R = Rank =I£" =5* 123 = 30.75
Select cumulative frequency value higher or equal to Rank,
H , (& —pcfitdl, — [4]]
(b, =10, +1 e =1
i f |
L J d
2N75 — 1eywAd — 7m1
P — & - | — o2& 00
i &5 i
0;=322.60
~ 1
Tofind Q2:
2 1
R = Rank =11" =5* 123 = 6150
Select cumulative frequency value higher or equal to Rank,
— v |r[:R —pc F:][:E-; - E1 :]-i
(. =1, +1 e =1
tz2T T f |
L r d
;1 G0 — Aoy — Aand
rl _dﬂ ' I\UJ.JU JUJ\_'\JU ‘“}I—:Q!ll
Yo — TV T | P | — G277
i 52 i
Q;=1533.44
A
Tofind Q3:
3 2
R =Rank= N= =123 =9225
4. é -
Select cumulative frequency value higher or equal to Rank,
— v |r[:R —pc F:][:E-; - E1 :]-i
(. =1, +1 e =1
3T f |
L r A1
a7 765 — 729WR0 — H01l
g — Ow T | 7 | — ¢ L.a7
L S5 1
Q- =71.57
A
Nl +0. —20.0
[ T T S T BN A3 T W1 e -2
HOowIieY S MEUSUTre 0] >2KEWINESS, afiy = Ir[,lr{ﬂlﬂ _0 \}
(7157 — 3260 — 2 =53 44"
o (7157 = 3260 2 % 53.44)
ey - =1 BE= 39 oo
W Lod s D& T )
SKp=-0.07 | dight negative Skewness (Ans)
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Ex 4 : Find Karl Pearson’s coefficient of Skewness

Range |f
20-40 15
40-60 20
60-80 35
80-100 | 12
100-120 | 5
Solution :
Range |F | X |fX Xz fxz
20-40 15] 30 | 450 900 13500
40-60 20150 ]1000| s, | 2500 | 50000
60-80 35|70 |2450] £, | 4900 | 171500
80-100 | 1290 |1080| £, | 8100 | 97200
100-120 | 5 | 110 | 550 12100 | 60500
Tota 87 5530 28500 | 392700
- _ EfX 5538
Mean, X = = =63.56
' E;F 27
i—f) -1 (35 —20)(80— 60)
Mode, Z=I01+ ———— = 00+ ————— =067.89
2fi —fo— F Z*35—20-12
Efxz (Zfxy’  [392700 /5530y’
sd = [ —(%7) = | ~(2=) -21.67
N Zf \Xfs N 87 \ 87 J
, .. 63.56 — 67.89
Karl Pearson s coefficient of Skewness, SKy= e - -0.20
The curveis dlightly negatively skewed (Ans)
45 KURTOSIS

Normal distrbution curve is bell shaped in nature. But two
distribution may have symmetry, but their peakedness may vary. One may
have more height than the other. This characteristic is known asKurtosis.
The main reason for this variation in peak is concentration of data around
the mean value. The curve will have higher peak for smaller standard
deviation.
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General
Forms of

Hurtosis

i+} Leptokuic .

[0k Mesokuriic-
{Marmal)

=) Platykurtic

A distribution that is peaked in the same way as any normal
distribution is termed as M esokurtic.

A Leptokurtic distribution is one with higher peak compared to
Mesokurtic distribution. The curne has higher peak and isthin.

In contrast to Leptokurtic distribution, Platykurtic distribution is
flattened from top and has broad appearance compared to Mesokurtic
curves.

Measure of Kurtosis:

If .
PR ES 2
NUTLOSES, Pa =
I

o

b b

Letel v.=0f -3

For Mesokurtic distribution,3> = 2 , and ¥

]

<=

For Leptokurtic distribution,52 > 3 , and 72 >
For Platykurtic distribution,f> <3 , and ¥>< 0

Bothfz and ¥z are unit free parameters and are independent of
change of scale and change of origin.

4.6 SUMMARY

1) Moments describe various parameters

2) Raw moments and Central moments can be related with various
formulas

3) Skewness represent extent of lack of symmetry in un symmetrical
distributions

4) Karl Pearson’'s measure of Skewness and Bowley’s co efficient of
Skewness are measures of Skewness

5) Kurtosis represent thinness or flattened but symmetrica normal
distribution curves

6) Kurtosis can be Mesokurtic, Laptokurtic or Platykurtic
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4.7 EXERCISE

1) Expian Karl Pearson’s co-efficient of Skewness.
2) Find Karl Pearson’s coefficient of Skewnessfor 12, 14, 13, 16, 18
3) Find Bowley’s coefficient of Skewness for the following data.
Score 0-10 | 10-20 | 20-30 | 30-40 | 40-50
Number of student | 23 | 42 45 40 12

4) Given la = 1024, and i, = 16, find¥»

4.8 L1ST OFREFERENCES

1) Probability, Statistics, design of experiments and queuing theory with
applications of Compter Science, S. K. Trivedi, PHI

2) Applied Statistics, S C Gupta, S Chand
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5

CORRELATION AND REGRESSION
ANALYSIS

Unit Structure
5.0 Objective
5.1 Introduction
5.2 Correlation
5.2.1Scatter plot
5.2.2 Karl Pearson’s coefficient of Correlation
5.2.3 Properties of Correlation coefficient
5.2.4 Merits and Demerits of Correlation coefficient
5.2.5 Rank Correlation
5.3Regression
5.3.1 Linear Regression using method of least squares
5.3.2 Regression coefficient
5.3.3 Coefficient of determination
5.3.4 Properties of Regression coefficients
5.4 Summary
5.5 Exercise
5.6 List of References

5.00BJECTIVE

Correlation, as name suggests correlates two parameters.
Statistically, Correlation coefficient gives an estimate of extent of
correlation between these two parameters (or quantities). One can
correlate score in final exam with the number of hours of study during the
term.

Regression is an estimation technique. It uses historical data to
estimate the possible value of that parameter in future. Regression analysis
helps to dlocate resources based on estimation of the parameter like
estimation of future sales or estimation of future climatic condition.

5.1 INTRODUCTION

Correlation can be measured dtatistically by Coefficient of
Correlation or even Scatter graph can be used.

Regression equation can be obtained either by method of least
squares or one can even use Regression coefficient.
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5.2 CORRELATION

Correlation anaysis provides information about changes in one
parameter with reference to changes in othe rparameter. When one
variable increases, the other aso increases (may be in different extent),
then the correlation is positive. In contrast to this, when variable increases,
the other dcreases, the correlation can be termed negative. There can
instances when there is no correlation between two parameters.

Correlation can be represented by :

1) Scatter Graph (Graphical representation) or

2) Karl Pearson’s coefficient of correlation (r) which is a stastical
measure of correlation

5.2.1 SCATTER GRAPH

Scatter Graph, also caled X-Y plot gives following information about
two paratemers :

1) Shape (linear or non linear)

2) Extent of correlation

3) Nature of correlation like positive, negative or no correlation

Ex 1: Plot Scatter Graph and comment.

X1lY

3 |12

5115

8 |32

9 |35

12| 45

Solution :
50
Scatter Graph
45 L 4
40
35 4
, &
30
25
* Y-Values
20
15 *
0

10
5
0
0 2 4 6 8 10 12 14

Comment : There seems to be high positive and linear relationship
between X and Y
(Ans)
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Ex 2: Plot Scatter Graph and comment.

X 1Y

56|12
451 15
32132
22135
12 ] 45

50

Scatter Graph
45 &
40
35 4
30
25

+ Y-Values

20
15 s 4

10

Comment : There seems to be high negative and linear relationship
between X and Y
(Ans)

Ex 3: Plot Scatter Graph and comment.

X 1Y
5 |12
16 | 15
3 |32
22135
1 145
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Solution :

50

Scatter Graph
45 &
40
35 L 2
’
30
25
@ Y-Values
20
15 L 4
2
10
5
0
0 5 10 15 20 25

Comment : There seems to be slight negative or no correlation between X
andY
(Ans)

Merits and Demerits of Scatter Graph

Merits:
1) Scatter Graph is easy to plot
2) Itisalso easy to understand and interpret general trend
3) Non linear relation can be easily detected

4) Scatter graph can very easily spot some abnormal values which are
ot consistent with rest of the values

Demerits:

1) Scatter graph does not give mathematical (or numerical) value of the
correlation, hence can not be used in further calculations, except for
visual observations

2) Thismethod is useful for relatively small number of observations

3) It can not be applied to qualitative data whose numberical values are
not available like emotions, sentimets correlation can not be
represented by Scatter Graph as no numerical values are available

5.2.2 KARL PEARSON’'SCOEFFICIENT OF CORRELATION

Karl Pearson’s coefficient of correlation (r) is used to find tpe of
correlation i.e. positive, negative or no correlation and also extent of
correlation like strong, medium or weak correlation.

It is a numericad measure of correlation and is very useful in
statistical analysis.
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Basic definition of r is SA Say
But, working formulafor r is,
nrxrv-—xXxXv

e
I

' — - I

In Xx? — (Ex) yn Xy? - (Zv)?

i

Ex 4 :Find Karl Pearson’s coefficient of correlation

X|Y

3 |12

5 |15

8 |32

9 |35

12| 45

Solution :

XY [|XY [X2 |Y2
3 112 |36 9 144
5115 |75 25 | 225
8 |32 |256 |64 | 1024
9 |35 |315 |81 | 1225
12145 | 540 | 1442025
Total | 37 | 139 | 1222 | 323 | 4643

n =5, number of ordered pairs

P - D T ey
NLXY—XLX LY

T =

o =_3 e I T ) o
NIL LA™ — LA )N LY. — 4L

Tz

Vi

= ((5)(1222) = (37)(139)/(V((5) (323 — L(3M1 "2)V((5) (4643 — [(139)1 '2)) = 0.9880

FataTorsl

r=0.9880

Thereis very strong positive correlation between X and Y (Ans)

Ex 5: Find Karl Pearson’s coefficient of correlation

X

Y

56

12

45

15

32

32

22

35

12

45
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Solution :

X 1Y | XY [X2 ]Y2
56112 | 672 | 3136 | 144
45115 | 675 | 2025 225
32132 |1024 | 1024 | 1024
22135 | 770 | 484 | 1225
12145 | 540 | 144 | 2025
Total | 37| 139 | 1222 | 323 | 4643

n =5, number of ordered pairs
nNExy—Ex Xy

¥ =
) o =_3 e I T ) R ]

NI LXT — LX) Ve —y)®
w = ((EV26QTY — (TATV1200 77BN (627ay — Ti1emy W Ta Yo/ 1(EY (acd? — Traaavl 72V) = —Nasna
1 WA JLUOL ) LU JLLad ) Vi) (VDL VLD QA A VD) \TOTa WA & ) v.7our
r=—-0.9804
Thereis very strong negative correlation between X and Y (Ans)

Ex 6 : Find Karl Pearson’s coefficient of correlation

X 1Y

5 |12
16| 15
3 |32
22135
1 145

Solution :

X 1Y | XY [X2 Y2
5 |12 |60 25 | 144

16| 15 | 240 | 256 | 225

3 132 |96 9 1024
22135 | 770 |484] 1225
1 145 |45 1 2025
Total | 47139 ] 1211 | 775 | 4643

n =5, number of ordered pairs
nEXy-—EZXZV

¥ =
) = _ 3 FaEY I - 3 P~ ]

NIL LXT — LX) NIL LYV —WLY)
= fEV1217Y — (ATY120 0SBV 177y — T layy 1o V(B (2242 — Trqaan] T2V = _0 1077
P v jiLlall) eI AR AN AR W] ] GUEFJA & J Vi) 20TO LiL27ga &) v.Lasr
r=—-0.1877
Thereis dlight negative correlation between X and Y (Ans)
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5.2.3 PROPERTIES OF KARL PEARSON'S COEFFICIENT OF
CORRELATION

1) Correlation coefficient lies between -1 and +1
2) Correlation coefficient isindependent of change of origin and scale

3) If variables are independent then they are uncorrelated (r near zero), but
the converse is not true

4) Sometimes, correlation value may mislead, as there may be some value
of correlation by chance, but actually there is no evidence of
correlation

5.24MERITS AND DEMERITS OF COEFFICIENT OF
CORRELATION

Merits:
1) Itiseasy to understand and easy to calculate
2) Itindicatestype of correlation i.e. negative, positive or no correlation

3) It also gives clear information about extent of correlation, +1 for
perfect positive and -1 for perfect negative correlation

Demerits:

1) It can mislead as higher correlation does not always mean close
relationship. Two variables can have high value of correlation but
may not actually have any relatinship

2) Itisaffected by extreme values of data set
3) Non linear relation is not very clearly indicated by correlation
coefficient, whereasit is vlearly seen in Scatter plot
5.25RANK CORRELATION

Rank correlation coefficient measures the degree of similarity
between two rankings.

For example, in a singing competition, two judges may give their
independent opinion about the participants through ranking, say 1, 2, 3 etc.
With the Rank correlation coefficient, one can find the extent to which
these two judges agree on the performance of the participant.

Spearman’s Rank Correlation

AZ

“
L

L+

o r i) ral . " bl -
SPEUran 5 Rurnk LUTT'BELLLLUTL n =1

(30

nn? — 1)

Where d isdifference in Rank
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Ex 7 : Find Spearman’s Rank Correlation

(620 E= NONT I\ N
KAlO R, |WIN

Solution :
R1|R2|d=R1-R2| 42
11|12 |-1 1
2 |3 |-1 1
311 |2 4
4 |15 |-1 1
514 |1 1
Total 8
n=s
6Xd? (6)(8) i8
R=1 =1 =1 =1 04=0s¢6
nn? - 1) 5(25 — 1) 120
R=06 (Ans)

=

=1

Where d isdifferencein Rank

m(m? — 1) , . :
cf = — 1y where m is the number of times Rank is repeated

5.3 REGRESSION

Regression is an estimation technique. It uses historica
data/information to estimate/predict near future value of that parameter.
For Example, score of a student in Mathematics exam can be predicted
based on student’ s performance in afew previous years.
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Regression line:

151

-2 -10 10 Z0 D 40 50 &0

If X isindependent variable, and Y is dependent variable, then the
Regression line can be given as:
Y=a+bX

Above Regression equation represents a strainght line. In practice,
there can be non linear relationship between X and Y, in such a case, the
Regression equation can include square or cube or higher degree terms
also.

Regression Equation actually approximates and straightens the
point orientation by introducing some error for alignment of the points to
get astraight line .i.e. Regression line.

531 LINEAR REGRESSION USING METHOD OF LEAST
SQUARES

Method of Least Squares is one of the methods to derive
Regression Equation.

Two parameters 2 and b of the linear equation ¥ =a+ bX can be
found out using two normal equations.

........... Normal Equation |

........... Normal Equation |1

Solving these equations give values of a and b required to form
Regression Equation
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Ex 8 :Form Regression Equation for the following data set.
X 1Y
5 112
12| 15
15] 32
22135
251 45

Solution :

D mamnooinm Datgmtimi 0 Vw1 hY
Nneysr esoalUnt LWLV rIL ta I — W T Lra

The two Normal equations are :

........... Normal Equation |

........... Normal Equation 11

X |¥ Xy | xZ
5 |12 |60 25
1215 180 | 144
15(32 480 | 225
22135 | 770 | 484
25145 | 1125] 625

Total | 79| 139 ] 2615 | 1503

Substituting these values in the two normal equations :

2615 =79a + 1503h
Solving simultaneously, or by method of substitution,
a =183 and b = 1.644

Substituting these values in the Regression Equation :
¥ =1.83 1 1.644X jsthe Regression Equation (Ans)

Ex 9 :Form Regression Equation for the following data set, and hence
estimate

ViorX=1¢

25
18
12

olo|rlwl]x
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Solution :
Regression Equationis ¥ =a+ bX

Thetwo Normal equations are::
........... Normal Equation |

........... Normal Equation 11

X |v|xv |Xx°
1 [25]160 |25
3 118[180 |144
4 1121480 | 225
6 |S | 770 |484
9 |1 ]1125]625
Total | 23| 61| 166 | 143

Substituting these values in the two normal equations :

Y =26.37 - 3.081X jsthe Regression Equation
For

¥ =1p Y =2637—3081+1o=—444
Y¥=-4.44 (Ans)

5.3.2 REGRESSION COEFFICIENT

Regression Coefficient b of Y on X

Regression Coefficient b of Y on X isgiven as:

b nEXY -rX73%Y
X  wva _ v viE
nmha Ve

Regression Equation can now be obtained as :

Y_¥V=h (¥_X
4 4 YA i1y
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Ex 10 : Find Regression Equation using Regression coefficient byx
XY

13
24
54
65
72

OIOoO|PRIWIN

Solution :

(o)l ko] H=N) O] I \V}
6]
SN
D
o]
o
N
N
6]

Total | 23| 61 ] 166 | 143

e T LT w e iy
1 Tlganid — fan i
Uuﬂ_{ - 2
- nyYX¥Xz _(vxy
gt Vs J
FENFTEEY _ (VA 1Y
1 IR TIICALYY e WUL)  q e
Uy_‘.\:.’ - e TN L Faatg = 0.00%
lojl143) —£3)
b,..=8.364
Ju'.{.
= XX 2a - xY 22m
X=""—=""=48 y=""-= = 45.5
n 5 and 0 5

Y—-Y=h (X-X)
VL~ <
LF AL & — (O 260AW S A ON
I —7TJU — LUt iia — 710
¥ =5.45 + 8.364 X isthe Regression Equation (Ans)

Regression Coefficient b of Y on X

Regression Coefficient b of X onY isgivenas:

.
. ThAl — ALY
Dyeny = =
- nyYvVz Iy vy
e & it g

52



5.3.3 COEFFICIENT OF DETERMINATION

¥

&

/f' Explained variation

il

X

The Coefficient of detrmination, 7%, is a paramter used to judge

how well the estimated Regression line fits al the data, where 7 | is Karl
Pearson’s coefficient of Correlation.

coefficient if determination will becloseto 1.

Since, -1=r=1, D=ri<1

Significance of coefficient of detr mination

1) It givesthe strength of linear relaionship between two variables

2) It gives confidence to obtain variable to be predicted from the
indepndent variable

3) The coefficient of determination is the ratio of explained variation to
toal variation

4) It represents the quantum of datathat is closest to the line of best fit
5) Itisameasure of how well the Regression line represents the data

5.3.4 PROPERTIES OF REGRESSION COEFFICIENT

1) The point (X,Y) lies on both the Regression lines
2) In case of perfect correlation between two variables, "=1  or
r=-—1
3) Slope of Regression equation Y on X is given as, byx  wheras, slope
1

of Regression equation X on Y isgiven as by
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4)

The angle between two Regresson lines is given as,

- o 1D Doy — 1
H=ton tIl— - |
= L v I |
1 Dyy T Dyy |

54 SUMMARY

1) Correlation between two parameters can be represented either by
Scatter Graph or Karl Pearson’s coefficient of Correlation (r) can be
used

2) Karl Perason’'s coefficient of correlation ranges between -1 to +1.
Negative correlation has negative value of r and positiove correlation
has positiove value of r

3) Regression line helps to estimate or predict near future value of the
dependent parameter using historical values of the independent
variable

4) Regression line can be found out using method of least squares or
using Regression coefficient method

5) Coefficient of determination helps to understand how well is the
regression linefits or coversall or most data points

5.5 EXERCISE

1) Plot Scatter Graph and comment

X |Y

2011 34
226 | 45
230 | 56
3121 53
340 ] 62
357 ] 64

2) Find Karl Pearson’s coefficient of correlation

X 1Y
55112
43110
3217
2414
3
1

18
11




3) Find Spearman’s Rank Correlation

(620 E= NONT I\ N
gl

4) Find Regression Equation for the following data set, using method of
least squares

X 1Y
12|12
18| 34
26| 67
34|87
53 | 106
66 | 134

5) Find Regression Equation using Regression coefficient bay

X 1Y
114
6 |22
8 |45
10| 77
11|87

5.6 LIST OFREFERENCES

1) Probability, Statistics, design of experiments and queuing theory with
applications of Compter Science, S. K. Trivedi, PHI

2) Applied Statistics, S C Gupta, S Chand
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PROBABILITY

Unit Structure

6.0 Objective

6.1 Introduction

6.2 Some basic definitions of Proabaility
6.3 Permutations and Combinations

6.4 Classical and axiomatic definitions of Probability
6.5 Addition Theorem

6.6 Conditional Probability

6.7 Baye' s Theorem

6.8 Summary

6.9 Exercise

6.10 List of References

6.0 OBJECTIVE

The study of Probability helps learner to find solution to various
types problems which have some uncertainty in their occurence. Thie
shapter explains various definitions, concept and terms used in probabiluty
study in detail.

Learner should be able to understand and find solution to various
problems for which probability theory gives reasonably good solution.

6.1 INTRODUCTION

Study of Probability is the study of chance. Probability theory is
widely applied to understand economic, socia as well business problems.

Refer to the statements used by usin our daily life:
1) Thetrain may get delayed
2) Thereisachance of getting distinction in Mathematics by Mahesh
3) Ashamay come on time today
Such statements are commonly used by al of us. One can

systematically study such probable events using principles of Probability
discussed in this chapter.
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6.2 SOME BASIC DEFINITIONS OF PROBABILITY

Experiment : An experiment is an action that has more than one posiible
outputs

For Example:

1) Tossing acoin gives either aHead or aTall

2) Throwing a die gives any one number from 1 to 6 on top face of the
die

3) A student appearing for an exam may pass or may fail exam

Experiment may be random or deterministic.

The output of the random experiment changes and occurs
randomly without any bias. In random experiments, al outcomes are
equally likely. For example, tossing acoin

The outcome of the deterministic experiment does not change
when performed many times. For example, counting number of windows
of a particular room

Outcome : The result of an experient is called outcome. For example,
counting number of studentsin aclass

Trial : Performing an experiment is called taking atrial

Sample Space :The collection of all possible outcomes is called sample
space of that experiment, For example, drawing a ball from a box having
three balls of Red, Blue and Green colours has a sample space of balls of
Red, Blue and Green colours. Sample space is demoted by letter S

Sample point : Each outcome of the sample space is called sample point.
The total number of sample points are denoted as n(S)

Finite sample space : When the number of outcomes are finite, the
sample space in finite sample space. For example, number of students in
Statistics class of acollege

Countably infinite sample space : When the number of elements in a
sample space are infinite, the sample space is said to countably infinite
sample space. For example, set all all natural numbers

Exhaustive outcomes : Outcomes are exhaustive if they combine to be
the entire sample space.For example, outcomes Head and Tail are
exhaustive outcomes, when acoin is tossed

Event : Any subset of sample space associated with random experiment is
called an Event. Fro example, for a sample space={1, 2, 3, 4, 5}, an event
A can be “ getting and odd number” and can be written as A={ 1, 3, 5}
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Types of Event : Events can be described as given below :

1) Simple event : An event having only one outcome is called simple
event. For example, the evet of getting a head when acoin is tossed

2) Impossible event : The event corresponding to null set is caled an
impossible event. For example, an event of getting a number more
than 6 when adieisthrawn

3) Sureevent : The event corresponding to the sample spaceis called sure
event. For example, an event of getting either a head or atail when a
fair coin istossed

4) Mutually exclusive events : Two or more events are said be mutually
exclusive events if they do not have a sample point in common. For
example, an event of getting an even and another event of getting an
even number when adieisrolled

5) Exhaustive events : The events are said to be exhaustive events if
occurrence of any one event is surely going to take place. For example,
event of getting either red or black card when a card is drawn from a
pack of cards

6) Equaly likely event : When all events have same chance of occurrence
then the events are equally likey. For example, getting aHead or a Tail
when an uniased coin istossed, are caled equally likely events

7) Independent events : Two or more events are said to be independent
events if one of them is not affected by occurrence of any other events.
i.e. P(A/B)=P(A)

6.3 PERMUTATIONS AND COMBINATIONS

Factorial: Factorial of areal number  iswritten asm! such that

B A N P 2 .

T — N WL — LWL &) snnnne i L

Ex 1: Find 5!

Solution :5!' = 5.4.3.2.1 — 120 (Ans)

Permutation : Permutation means arrangement of objects in different
ways. For example, out of three objects A, B and C taken two at a time
can be arranged as AB, BA, BC, CB, CA, AC. We can arrange in six
different ways, as order or sequence of objects in Permutations is
important. So, if n objects are are arranged taken r a atime can be written
as,

n!

ry
Iy

== ~
n—r)t
. —
Ex2:Fnd “Fs3
) iy .
Solution: teake n =4 ana r = 3
nl 41 41 4324
no .
O == —. — —=—= = 24
Con—r)it (E—3p 1 1
ATy &
3 =% (Ans)
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Ex 3: How many ways are there for eight men and five women to stand in
arow so that no two women stand next to each other.

Solution :

Ol
o

Eight men can be arranged in ©-
Five women can be arranged in 9 ways as shown below :

* M*M*M*M*M*M*M*M*
Here * represents a place for awoman, and M represents a place for man.
Five women can be arranged in 9 placesin

g e s e s

O
O
R

I
L
o
=~

e
v
B

[

G5

Fg (9_

YOy & & s
So, together eight men and five women can be arranged such that no two
women stand together as:

Total number of ways = 8'. "f5 =40320.1512 ,96,38, ways
(Ans)

Ex 4 : In Hhw many ways can the letters of the word ‘MOUSE’ arranged,
where meaning/spelling does not matter.

Solution : ) _
The words can be arranged in *Ps = 3! =120 ways, (Ans)

Combination : Combination is a selection of objects without consideting
the order of arrangements. For Example, for three objects A, B and C,
when two objects are taken at a time, the arrangement can be AB, BC and
AC. Order or sequence of arranements is not important in case of
Combination. So, Combination of n objects taken r at a time can be
written as,

N
C, =

Ex5:Find €3
Solution :take n =4 and r = 3
n 41 a4 4321
n'::-'qu = = — =— = :4_
rl(n—7) 31 @—3n 311 3211
=4 (Ans)
3p 4~
Ex6:Fnd "Fz+ "2
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Solution :

21 Dy 2 o I
- T ol 2 b I
TR = - = = —= = 1
T (11 + ) (2 W 11 1
(n L (= 20 1 1
ip &
i 2 wr
Also,
. A Ay A9
- 1 T T e s e
e — — — —_ —_ —_— — 6
! ! (n—+)! 21 (A —2m1 21 2 21.21
L1 P FAN § 2n 2 . 1.2.1
ar A
Ls L4
ip I _ £ . - A0
'y + "i3=0+06= 1a (Ans)

Ex 7 : In how many ways can a committee of 2 officers and 3 clerks can
be made from 4 officers and 10 clerks.

. . . F ¥al 10~
Solution : Thiscanbedonein "tz* ~"Lz ways
41 41 4.3.2.1
4!" = = = = &
-2 I FA My 21 7 21 71 ~
FHE & 5 I4 . T S §
1 1M 1TnNao7!
10 L JRVH LU, .00/ g
TTla T oA = — &y =7 = aa =1 — 140
= 31 (10-3) 317 3.21.7¢
e WO, = 6x120=720 ways (Ans)

6.4 CLASSICAL AND AXIOMATIC DEFINITIONS OF
PROBABILITY

Classical definition of Proability

When a random experiment is conducted having sample space S
having n(S) equally likely outcomes, the event A having n(A) favourable
outcomes, the probability of occurrence of event A is given as P(A) such
that :

Some inportant points regarding Probability definition are:
1) Thesum of all probabilitiesin the sample spaceis 1 (one)
2) The probability of an impossible event is O (zero)
3) The probability of asure eventis1 (one)
4) The probability of not oc_:curi ng an event is 1 — probability of
occuring an event. i.e. PLA) =1-P(A)
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Ex 8 :Write down sampl e space for each of the following cases
1) A coin isthrawn three times

2) A coin is thrawn three times and number of heads in each thraw is
noted

3) A tetraheadron (a solid with four traingular surfaces) whose sides are
painted red, red, blue and green. The color of the side touching the
gound is noted

4) Blood group of husband and wife are tested and noted

Solution

]_)5 ={HHH HHT,HTH HTT,THH, THT,TTH,TTT}
2) §$=10,1273}

3) § — fred, blue, gresn}

4)S = 1(0,0),(0,4),(0,B),(0,4B),(4,0),(4,4), (4,B), (4, B),(4,AB),
(B,0),(B,A),(B,AB),(AB,0),(AR,A), (AB,B),(AB,AB )}

Ex 9 : Thre eunbiased coins are tossed. What is the probability of getting
at least one Head.

Solution :

mS)=18
Let A bethe event of getting at least one Head

A={HHH HHT HTH HTT, THH, THT,TTH}

il AN — 7
gy — s
»nlrdy 7
—— FLNLL Yy r
rCwA)= . — =
n(¥) 8 (Ans)

Ex 10 : Nine tickets are marked numbers 1 to 9. One ticket is drawn at
random. What is the probability that the number is an odd number.

Solution :

5
sy 9 (Ans)
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Ex 11 : An urn contains 8 blue balls, 7 green balls and 5 red balls. One
ball is drawn at random, what is the probability that it is (&) ared bal, (b)
ablue ball.

Solution :
Yy — O 1 T UALE — D
W ) — O T §F T J — LU
(@ Lete A be the event of getting a red ball
_ nfd) s 1
n(d) — 5 P(A)= =—==
n(s)y 20 4

(b)Let B be the event of getting a blue ball

Ex 12 : From awell shuffeled pack of cards, a card is drawn a random.
What is the probability that the drawn card isared card

Solution :

Let A be the event of getting a red card

4 AN p s 4
- B e oW s -~ ll.-\ﬂ} ~i 4+
THA) = Lo FLA) = ==
n(s) 5Hz 2
i
PlA)=—
2 (Ans)

Ex 13 : What is the probability of getting a sum nine (9) when two dice
are thrawn

Solution :
Sy =110, {2} e e e e e e e e .., (B,6), (6,601 = 36
Let A bethe event of getting asum nine (9)

AV — A
FLRiL g 3
ndy 4 1
F{4) = = =—
Sy 36 9 (Ans)

Ex 14 : The Board of Directors of a company wants to form a quality
management committee to monitor quality of their products. The company
has 5 scientists, 4 engineers and 6 accountants. Find the probability that
the committee will have 2 scientists, 1 engineer and 2 accountants.

Solution :




Let A be the event of having 2 scientists, 1 engineer and 2 accountants

. s .. A o & e drn oa

n(4d) =50,. *C,. 50, = 10.4.15 = 600
n(d) 600

DfAY —

LA = v T ann-
o) U3
N

e Tarus

F\A)=——"——
3003 (Ans)

Axiomatic definition of Proability

Suppose, for an experiment, S is the sample space containing outcomes,

54,852,553 ... 55, then assigning a real number P(5;) toeach S:€5
uch that
1) 0<P3)<1
N
) PGSp=1
2) —

6.5 ADDITION THEOREM

If A and B are two events defined on sample space, S then
P(AuB)=P(A) | P(B)-P(AnB)
a) Addition theorem can also be explained by Venn diagram

b) If two events are mutually exclusive, then
P(AuB)=P(A)+ P(B)

c) For three events,
PAUBUC)=P(A) 1 P(B) | PIC)-PUAnBY-P(BnC)-P(AinC)+-P{ANnBn ()

Ex 15 :An integer is chosen at random from 1 to 100. Find the probability
that it ismultiple of 5 or a perfect square

Solution :

n{5)= 100

FRR 7

A bethe event of getting a number multiple of 5
B

!

be the event of getting a perfect square
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By addition theorem,



Required probability of getting a multiple of 5 or a getting a perfect square

is P(Au B)

1z 12 3z 22 11
s A ™ -
riAuvbE)=_ .. e
D2 22 D2 D2 26
11
PFlAuB)=—
26 (Ans)

6.6 CONDITIONAL PROBABILITY

Let there be two events A and B. The probability of event A given
that event B has occurred is known as conditiona probabilityof A given
that B has occurred and isgiven as:

- s om o~ Ty

F7= B FlAainl ]
pi__ 11— _~ /
‘ 1“' s e n 2%

AY & 1 D)

2 1 1
. P{AY=—, PBY=— and PAnB)=- )

Ex 17: Given 3 4 5 Find

!‘\
Dol 1
*Anp/t

L1
Solution :

1
- oA o~ T — -

F 7z Y Fl G) =4 4
Dl 11— - T
*Anp/t Do 1 e

i e Wy + o

4 (Ans)

Ex 18 : Find the probability that a single toss of die will result in a number
lessthan 4 if it is given that the toss resulted in an odd number.

Solution : Let event A be the toss resulting in an odd number
And let event B be getting the number less than 4




6.7 BAYE'STHEOREM

Let 41,42 -An  pe aset of mutually exclusive events that

together form the sample space S. Let B be any event from the same
sample space. Then Baye' s theorem states that

oA nfB“l
A. FiA;).r ||
Pi{“;\._ At
\gJ B B\ BN
P(A Pl e PUADYPI— V1.  APANYPI—]
MELSE AL i O R L . T )
WEELS Wt it | 2
Ex 19 : In a toy factory, machines A1, £z and 4; manufacture

respectively 25%, 35% and 40% of total toys. Of these 5%, 4% and 2%
are defective toys. A toy is sdected at random and is found to be
deefctive. What is the probability that it was manufactured by machine 42

Solution :

F(A,)= P(that the machine A, manufacture tovs) = 25% = 0.2s5
DA Y— Pi+Rat the ynrarkina A 1 Fanrtirs Favel — 2R 04 — N 2c
i \d.lzj i \I.'!-I-l.rbl.' LIk FALLLLFRLT L 112 JILI&JIM: LE ALY FY E S i R :I_'F_} Al oy LR
DA YW _ Df+L o+ +La v vmLltnnea A anmvamas £ ovmdagaem +mnro ANOL — M An
L \_;"13}— L \LALWL LTS ITLWLRLILE 1‘13 ITL ¢ j L & LUJ’D_} — TG0 — WeTu
n
Let 5 beany event that the drawn toy is defective
(B
P{— | = P(the def ective toy was from machine A,) = 5% = 0.05
‘.\Ald‘}
{ B\
P|—— | =P(the defective toy was frommachine A;) = 4% = 0.04
\4:1.2{
S o
{ B\
Dl | =Pilthe defertive fovwaoe Framwm macrhine T —= 704 = Nno
Pl— (the defective toy was frommachine A; ) = 29 = Q.02
\3)
A
Jflay
Pl 1
We haveto find \p/J
P P RN
nra v ol
A I V:CY Rl byl |
n 22Y A/
Fl—I1= T = =
\psy . (BN _. . _sBN _ By
PADPl—I1+P(A)PI—1+P(A;)P[—])
T NAL) 250 \A, ) 350 ag)
oA (0.35)(0.04)
pftey _ > < 4 N oan
L R e —— e e 2t e WU
vEBr (0.25)(0.05) + (0.35)(0.04) + (0.40)(0.02)
Required probability is 0.40 (Ans)
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6.8 SUMMARY

1) T m—)

Co=—"
2) ot (n— )

3) 71(5)
4) P(AuB)=P(4)

S |
3|
po—

PA P
6) oA,

6.9 EXERCISE

1) One card is drwan at random from a pack of cards. What is the
probability that it is a King or a Queen.

2) Find *C:

. . I - 1

3) Given an equiprobable sample space § = 10,1,2,3,4,5,6,7,8} | and an
event A = {0,4,7} Fnd P(4) and F(4)

4) Given, PA)=07, P(B)= 0.5 and P(AnB) = 0.3 Find

oA .. O
riAun

5) A class has 40 boys and 20 girls. How many ways a class representative
(CR) be selected such that the CR is either aboy or agirl

6) From a set of 16 tickets numbered from 1 to 16, one ticket is drawn at
random. Find the probability that the number isdivisible by 2 or 5

7) A car manufacturing company has two plants. Plant A manufactures
70% of the cars and the plant B manufactures 30 % of the cars. 80%
and 90% of the cars are of standard quality at plant A and plant B
respectuvely. A car is selected at random and is found to be of
standard quality. What is the probability that is was manufactured in
plant A

6.10 LIST OFREFERENCES
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