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Q.1 | Choose correct alternative in each of the following (2
i. | Let aldGsuch that Of)= nthena™=e then
(a) njm (b) | m\n
@ |(c) m=n (d) | None of the aboy
t. | The setU ,is forms a group under the binary operation
(@) + (b) |*-
(c) (c) ‘o (d) | None of the above
i | et S1denote the permutation group. Th|éi%| =
(a) n (b) | 2
(c) (c) n! (d) | None the above
iv. | Let Z(G) be the center of the gro@ Then Z(G) is defined as
@ | {x] 0alG, ax = xa (b) | {x] DalG, ax # xa}
@ | (c) {x| DaOdG, axJG} (d) | None ofthe abov
v. | Supposd; is a cyclic group such thathas exactly three subgroups \Gz{e} and a subgroup of order 5. Then
the order ofG is
(a) 5 (b) | 10
() | (c 25 (d) | 125
vi. | The number of subgroups €f,,, +) is
(a) 6 b)| 5
(@ | (c) 3 d [2
vii. | The generators &f0Z N 30Z are
(a) 60, —60 (b) 10,—-10
@ | (c) 20,30 (d) | None of the above
viii. | Let H be a subgroup ot anda,b € G thenaH = bH if and only if
(@ |a€H (b) [abeH
() | (c) abeH (d) | None of these
ix. | Let ¢:7Z,, — Z;, IS @a homomorphism given bg(x) = 3x then ker¢ =
(@ {01} (b) | {0,4,8}
(b) | () (0,4} (d) | None of these
x. | The number of group homomorphism ®f (Klien's four group) is
(a) 4 (b) |2
d [© |3 d |6
Q2. | Attempt anyONE question from the following: (0¢
a) | i Let H andK be the subgroup of a grolG. Then prove thaHK is a subgroup oG if and only if
HK=KH.
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Let H, K and HK be subgroups of G. 1
We will have to show that HK = KH
Letany x e HK
Since H K is a subgroup, x-1 € HK
= x 1 = ab where ae H,b € K

. x=(ab)-1

. 1
= x=b-lale KH

(e ¥T A ALY men el 3 Ty e K)

By (1), (2) HK = KH 5

if HK is a subgroup of G 1
Conversely

Suppose HK = KH
We will prove that HK is a subgroup of G
Consider any x, y € HK
x € HK = x =hik: for some h; € H, k; € K
ye HK =y =hsksforsome h, € H, k» € K 1
xy—1 = (hy kyy (hz k)
=(hi ki) (kz-t hs 1)
=hi(ki1 ky1hy1)
ki, k2 € Kand K is a subgroup
= ki k' e K
Let ky ka1 = ks for some ks € K

xy! = hi ks hy? 1
) =hi (kahz?)
Now, ka ha! € KH = HK
= kshr!=hsksiforsamehs e H, ks € K
o xy=1 = hi(ha ky)
=(huha)kse HK (
Thus, for any x, y € HK 1

xy-1 e HK
= HK is a subgroup of G

Show that(Z, D) is a group where[7 is defined asallb=a+b—-4,a,b0Z

(1) Consideranya,beZ,a*b=a+b-4eZ
Implies Z is closed with respect to *
(20 Consideranya,b,ceZ
a¥(b*c)=a*(b+c-4




—a+(b+c—4)—2& by d
=a+b+c—8
Also (a*b)*c =(a+b—-4)*c
=a+b—-4+c—4
=a+b+c—8
=a>(-(b>(—c)=(a"‘b)"'c
Implies * is associative in Z
(3) Consider any a « Z.
We have to find an element e € Z such thata * e = a.
iie. a+e—4=a
e=4e7Z
This3e=4 e Zsuchthata*e=a+e—4=a+4—4=a
Also,e*a=e+a—4=4+a—-4=a
s0, 4 € Z is the identity element w .r. t *
(4) Consideranya e Z
We have to findb € Zsuch thata*b —e = 4
ie.a+b—-4=4
a+b=38
b=8—-aeZ(asae2)
Thus, Va e Z, Ib =8—a e Z such that
: a*b =a*(8-a)
‘=a+8—a—4
=4
Also, b*a =(8—a)*a
=8—a+a—4
=4
ThusVaeZ,Eb:S—ansuchthat
a*b=b*a=e
- Z satisfies all the properties of a group with respect to*
(z, *) is a group
Also,a*b—a+b 4=b+a—4
=b*a,Va,beZ
(Z , ¥) is an infinite Abelian group.

[y

Q.2

Attem

pt anyT WO questions from the following: (12)

LetG be a group. Prove that
p) ldentity element ofG is unique.
g) The inverse of every elementdnis unique.

Ans

p) Let there are two identitiesand e’
xe=ex=e VXEG
xe'=e'x=e' Vx€EG
we'e=ee'=e andee' =e'e=¢’
~e=e’
g) Letx € G has two inversesy and y’
y=yt+te=y+@x+y)=@+x0)+y' =e+ty’ =y

Prove thatZ, is a group under multiplication modybo wherep is prime.

Ans

T.P.T: - Zj is a group.
Closure:
Leta,b €Z;,, a.b=ab
Ifab=0 = plab = plaorplb = a r b = 0, which is not true
ab #0,.
Associative is trivial
Inverse:
Leta €Zy,1<a<p-—-1

iAm,n € Z, such thabm + pn = 1

am+tpn=1

a.m = 1 -~ m is the multiplicative inverseaf (Note thatm # 0 )

Let GL,(R) denote the group of all nonsingularx 2 matrices with real entries.




determine whethel = {(‘; Z) EGL,(R)| ad — bc = 1} is a subgroup of the grol., (R).

Ans

LetA,BeH . |A|=1 andB| = 1, for somen,m € Z
|[AB~ = |A||B|™' =1
~ AB™! € Hby 1-step test .

NDNDN

Define order of an element in a gro@pFurther prove that f@ [ G ,if 0(a) = nm then0(a™)

I
3

Ans

Order of an element ‘a’ of group G is defined aadtepositive intege such that™ = e

LetOo(a™) =t 1
(@tf=e

at =e

nm|nt

(an)m — anm =e

From (1) and (2)
t=m S

Q3.

Attem

pt anYONE question from the following: (08)

Let G be afinite cyclic group of order generated biu' then prove thag™ is also a generator 6f if
and only if (m,n) =1

=)
G=<a™">TPT:.(mn)=1
Let (m,n) = d, supposel > 1
dlm,d|n
m = dd,,n = dd,for somed,,d, € Z
(am)dz = gMd2 = gddids — gdi.(dd2) — (an)(dl) =e

(@™ =e &d, <n -~ 0(a™) < n which is contradiction to the fact thet=< a™ > . 0(G) =
0o @) =n
Assumption was wrong . Hena¢,= 1i.e (m,n) = 1

(&=)(mn)=1~3Ix,y€EZs.tmx+ny=1
TPTG=<a™> i.eT.P.T <a>=<a™>
< a>2< a™ > is obvious

a= al — amx+ny = amxany — amx — (am)x

La€E<a™> ~<a>c<am >

Let G be a cyclic group of order 18 generated dy List all generators off and all subgroups df.

G =<a>0(G)=0(a) =18

Generators?, a®,a’,a't, a'3, al’”
Subgroups
1|18 3!subgroup of order 1 namely

18
H, =<at >={e}
2|18 3!subgroup of order 2 namely

18
H, =<az >=<a’®>={a’ e}
3|18 3!subgroup of order 3 namely

18
Hy =< a3 >=< a® >= {a% a'?% e}
6|18 3!subgroup of order 6 namely

18
H, =< as >=<a® >={a?a% a’ a'? a'® e}
9|18 3F!subgroup of order 9 namely

18
Hy =< a9 >=< a? >= {a? a* a® a8 a' a'? a'* a'% e}
18|18 3!subgroup of order 18 namely

18
Hy =< a8 >=<a' >=G

Q3.

Attempt anyTWO questions from the following: (12

b)

Let G be an infinite cyclic group generated'nf. Show thatz has infinitely many distinct subgroups.

G is an infinite cyclic group generated foy
~ G =<a>0(a) = infinite
Proof of Claim1: All distinct powers af are distinct group elements
Proof of Claim2: Each Distinct positive powersaofenerates distinct subgroups@f
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1 n

Prove thatd = {[0 1

] In € Z}is a cyclic subgroup afL,(R).

CU-0n
RO IO

H=(y ;)

Prove that every subgroup of a cyclic groggyclic.

Let H be a subgroup of a cyclic groGp=< a >
Claim: H is generated byg™ wherem is the smallest positive integer such thdte H
TP.T H=<adm>
H2<a™>...(1)
TPTHC<a™ >
Letb = a* € H for some k
Alg,rs.tk=mq+r,where r=00rr<m
If r < mthena” = a* ™ = g*(a™)~? € H which is a contradiction becauseis the smallest positive
integer such that™ € H
r=0
k =mgq
b=d*=a™e<am >
Hgc<a™>....(2)
H =< a™ > --from (1) and (2)
~Every subgroup of a cyclic group is cyclic

iv. LetU(n) = {x|x € N,(x,n) = 1,1 < x < n} under multiplication modula.
Determine which of the following groups are cycliostify your answer.
(P U QU™
u(6) = {1,5}
U(7) ={1,2,3,4,5,6}

AsO0(5)=2 ~U(6) =<5>
As0(3)=7 ~U(7) =<3 >

Q4. | Attempt anyODNE question from the following: (08)

a) | i Let H be a subgroup of a group and a,b € G then show that
(p) a € aH (q)aH = bH or aHNbH = @ (r) laH| = |bH|
(p) Sincee € H = ae € aH = a € aH
(q) case (i) faHNbH = @ then done

Case (ii) IfaHNbH + @
Let x € aHNbH thenforhy, h, € H
= x = ah; andx = bh, = a = xhy!
Let y € aH = y = ah = xhi'h = bhyh{*h € bH = aH S bH
Similarly one can showH < aH = aH = bH
(r) Define a mapf:aH —» bH by f(ah) =bh, heH
Show f is bijective map that givetaH| = |bH|
i. Define kernel of group homomorphism. f£ G — G’ is group homomorphism then show thatrf is
subgroup ofG. Further f is injective if and only ifkerf = {e}.
kerf ={x€G/f(x)=e'} S G
Sincef is group homomorphisee f(e) = e’ = e € kerf = kerf # @
Claim:xy~! € kerf , wherex,y € kerf
xy€kerf = f(x)=¢' f(y)=e'
Now f(xy™) = f(x)f(y)™t = e’ = kerf is subgroup ofG.
Claim: kerf = {e}
Let x ekerf = f(x) =e' = f(x) = f(e) = x = e sincef is injective
~ kerf = {e}

Claim: f is injective
Let f(x) =f) = fIf) " =e = flxy ™) =e
= xy lekerf ={e} > xy ! =e= x =y = fisinjective

Q4. | Attempt anyT WO questions from the following: (12)

b) |i. Let G be a group of prime order If H andK are subgroups of then show that eitheH NK = {e}

or H=K.

Since H andK be two subgroups of.




By Lagrange's theoremg(H)| o(G) and o(K)| o(G)

= o(H)|p and o(K)|p

As p isprime.o(H) =0o(K)=1or p

If o(H)=0(K)=1=H=K = {e} - (1)

If o(H)=0(K)=p=0(G),alsoHand K € G givesH =K =G ---(2)
(1) and (2) gives eitheHNK ={e} or H =K.

ii. Let G = R xR be a group under binary operatiodefined by
(a,b) = (¢c,d) = (a + ¢,b + d) then show that = {(a,5a)/a € R} is subgroup ofG. Describe
geometrically the left cose{®,3) + H inG.

Clearly H is nor-empty subset of5.

Claim:x+y ' € H, wherex,y € H

Let x = (a,5a)and y = (b,5b) , a,b € R

Now x =y~! = (a,5a) * (b,5b)"* = (a,5a) * (=b,—5b) = (a — b,5(a— b)) €EH asa—bER
Therefore H is subgroup ofG.

Now the left coset®,3) + H = {(2 + a,3 + 5a)/a € R} which is a straight line passing through the
point (2,3) and parallel to the lingy = 5x.

ii. Let G be a group. Show thaf: G — G defined by f(x) = x71,
Vx € Gis an automorphism if and only & is abelian.

Consider f(xy) = (xy)™* =y 1x™1 = f(y)f(x) = f(yx) asf is homomorphism
Since f is injective, xy = yx = G is abelian.

Conversely, Consider, ag is abelianf (xy) = (xy) 1 =x"1y 1= f(x)f(y) = f is
homomorphism

Let f() =f)=x"=y =)= N =x=y

= f isinjective

Let yeG =y 1eG, Now f(y )= ()t =y = f issujective
Therefore fis automorphism.

iv. Let f:G — G' is onto group homomorphisithen show that
(p) o(f(a))|o(a),Ya€e G (q) IiG is abelian thei&' is also abelian.

(p) Leto(a) =n thena™ =e

Since f is homomorphism= [f(a)]" = f(a™) = f(e) =€’

=~ o(f(@)In = o(f(0))lo(a), Ya € G

(g) Claim:G' is abelian (i.e.xy =yx, Vx,y € G'

Since f isonto3 a,b € G suchthatf(a) =x,f(b) =y

Also G is abelian= ab = ba

Now xy = f(a)f(b) = f(ab) = f(ba) = f(b)f(a) = yx = G’ is abelian.

Q5. | Attempt anyFOUR questions from the following: (20)
a) | If @ andp are disjoint permutations ,. Such thab(a) = m,0(8) = n then show that order ¢k op)is
l.c.m[m,n].
LetO(a) =n,,0(B) =n,
T.P.TO(aB) = n wheren = lem(ny,n,)
Leto(aB) =t
(ap) =e
at.pt=e
at =eor Bt = e~ aandB are disjoint
ny|t or n,|t
lem(ny, ny)|t
nlt ....(1) 3
Consider
(af)™ = a™B™ (~ a andp are disjoint cycled = e
Buto(aB) =t
~tn....(2)
From (1) and (2)
n=t. 0(af) = n wheren = lcm(ny,n,) 2
b) | Construct composition table fa = {5, 15,25, 35} under multiplication of residue classes modulo 40.
5 15 25 35

5 25 35 5 15

15 35 25 15 5

25 5 15 25 35




| 35 |15 |5 | 35 | 25 |

Show that every group of prime ordeis cyclic.

Let G be a cyclic group of order

Leta # e,a € G(Note : Such a choice is always possible)

0(a)|0(G)

0(a)lp

O(a) =lorp

If 0(a) = 1,then a = e, bute was non identity element

If 0(a) =p,thenG =< a > 5

d)

Let G be a cyclic group of order 44. Find the numbegelements of order 4 and the number of elementsd&ro
11inG. Clearly state the result used.

Result :IfG is a cyclic group of order n generateddothen for every divisod of n there arep(d) elements of
orderd 2

4|44 ~number of elements of order &) = 2

11|44 -~number of elements of order 1p€1) = 10 3

Find all distinct left cosets off = {1,711} in U(30).

Ans

U@B0)=1{1,7,11,13,17,19, 23, 29}is a group under multiplication.
Now all distinct left cosets oHf in U(30) are,

1H=11H={1,11} , 7H=17H ={7, 17},

13H = 23H ={13,23} , 19H =29H = {19, 29}

f

Show thatf:GL,(R) — (R*,) defined by f(4) = detA is a group homomorphism. Also fifkdrf. Is f an

isomorphism? Justify.

Ans

Now f(AB) = det(AB) = det(A4) det(B) = f(4) f(B) = f is homomorphism

kerf = SL,(R) , sincekerf # {e} = fan not isomorphism.
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